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CHAPTER 1 .  INTRODUCTI ON 
The de mand for good qua l ity  wa ter i s  rapidly increa sing  a s  the 
re su l t  of inten si f ied agr icu l tura l prac tic e s  and modern indu stry .  At 
pre sent fre sh wa ter supp l i e s  are adequate to meet  the demand in mo st 
area s of the c ountry . However , if  pre sent trend s continue , the need 
fo � fre sh wa ter wi l l  increa se fa ster than the deve l opment of fre sh 
water re sour 'ce s •1 · 
Surface  water a nd ground ·wa ter compri se the two ma in . forms of 
fre sh wa ter . To da te the greate st empha si s ha s been ·pla c ed . on  the 
development of surface  water re se rve s a l though much larg er quantitie s 
of fre sh wa ter are pre sent in  the form of ground water . 
I n  gla c ia ted area s, wa ter may be pre sent in  sa nd and gravel 
depo sits. The se ground wa ter supplie s, cal led a qu i fer s, are o ften o f  
· u seable qua l ity a nd the wa ter c a n  be extracted by c onventi onal  pumping 
technique s. The deve lopment of the se ground wa ter suppl i e s  ha s pro­
gre ssed slowly since traditional  mapping techniqu e s  are  expe n sive a nd 
time c on suming . A mapping meth od pre sently u sed involve s the 
dri ll ing of a serie s of te st wel ls. S inc e thi s proce ss i s  expen sive 
and time con suming , deta i l ed expl ora tion s have not been conducted 
in  many area s. 
io. E .  Meinzer in Ground Wa ter and We l l s, G .  F. Brigg s a nd A . F .  
F iedler ,  Ed . ,  ( E . E .  John son , Inc . ,  St . Faul , Minn . , 1966) , Chapter 1 .  
A new geophys ica l  exploration technique  ca l l ed therma l prospect­
ing has �ecently been proposed .2 This method is bas ed on the much  
2 
higher hea t capa c i ty of  wa ter-satura ted material  c o�pared to a s imilar 
dry materia l . Water-sa turated ma terial in the form of an a qu i fer wi l l  
a c t  a s  a hea t s ink i n  the summer and as  a hea t source in  the winter . 
This  hea t  s ink or s ource will  cause the soi l  tempera ture a bove the 
aqu i fer to be cooler in the summer and warmer in the winter tha n the 
s�i l  tempera ture to be expected if no aquifer were presen t . This 
temperature deviation i s  cal led a thermal anoma ly . 
Thermal anoma l ies  have been mea sured a t  a depth of  50 cm for 
d f k .f 3 s everal i fferent l oca tions o nown aqu i  ers . The maximum therma l 
anoma ly observed a t  each  s ite vari ed from 1°C to �C . 
Myers has reported detecting therma l patterns on the land s ur-
face  us ing a ir-borne therma l remote sensors . 4 Correl a ti ons  of  the 
tempera ture d ifferenc es with the presence of known aqu ifers have been 
made and the resul ts indica te tha t the cooler reg ions can be  a s soc i -, 
a ted with the presence of  an aqu ifer . The surface therma l patterns , 
however , can  not be detected under a l l  conditions . Thus a tenta tive 
set  of environmenta l conditions favorable to the detection of therma l 
2 K . Cartwright , Il l inois Sta te Geological  Survey C ircular 433 , 
Urba na , Il l inois , 1968 . 
3 Ibid . ,  ppo 19-38 . 
4 V . I .  Myers ,  NASA Report MSC-03742 , Houston , Texa s ,  Dec . 1 970 , 
Section 48 . 
3 
5 pa tterns ha s been proposed on the bas is  of the da ta co l lected . S ince 
these c onditi ons are ba sed on a l imited amount of  da ta , n o  c onclus ive 
evidence ha s been presented . 
The purpose of thi s  s tudy is  to theoretica l ly investigate the 
relationship between the sur fa c e  therma l anoma ly  as detec ted by Myers 
and the subsurfa ce  anoma ly as mea sured by Cartwright . Se lected en-
vironmenta l fa ctors wi l l  be varied to determine their effect  on the 
ma gni tt1de of the surface  therma l anoma l y .  
5 
D .  G .  Moore and v. I .  Myers ,  RSI Report 72-06 , Brookings , So . 
Da k . , Feb . 1972� 
CHAPTER 2. REVIEW OF BASI C  CONCEPTS 
Trans fer o f  Heat in Soi l s  
Heat c a n  be transferred in  s o i l s  by conduction , mas s  trans fer of  
wa ter , condensation and evaporation of wa t.er , and convection . I n  dry 
soi ls  the primary heat trans fer mechanism is  conduction� I n  a wet 
soi l , the moyement of  wa ter in  the soil  can a l so  be s igni f icant in  the 
trans fer of hea t .  Moi s ture can a l so evapora te in one reg i on , diffuse 
to a nother region , and then c ondense resu lting in the .trans fer of  hea t .  
F ina l ly ,  the movement o f  a ir i n  the soil  can transfer hea t  from one 
region to another . 
The combined mathematical  treatment of a l l  four mecha n i sms is  
extremely difficu l t .  A good  approximation can  be  made , however , by 
combining a l l  four mechani sms into a s ing le equivalent mecha nism s imi-
lar to conduct�on •6 The treatment of heat transfer in the s o i l  may be 
mathematica l ly trea�ed a s  a c onduction heat  trans fer probl em .  Thi s  
wi l l  b e  the method used in the investigation of the probl ems con-
s idered . 
The trans fer of  heat in  a soil  is  determined by the c ompos it i on 
of the soi l and the temperature distributi on within the s o il . For 
one-dimens iona l  heat trans fer the quantity of hea t  trans ferred through 
a unit surfa ce area per unit time is mathematica l ly expres s ed a s  
q = _ koT ox 
(2-1) 
6 D • . A.  de Vries in Phys cs of Plant Environment , W .  R • va nWij  k, 
Ed . ,  ( North-Hoiland Publish ng Co. , Amsterdam , 1963) '· PP· 210-235. 
5 
where k is the therma l c onductivity �nd oT is  the therma l gra d i ent 
ox 
describing the rate a t  which  the temperature cha nges with depth . The 
therma l conductivity ( k) depends on the properties  of  the s o i l . Equation 
(2-1) i s  valid only for a homogeneous materia l  a nd cannot be str ictly 
a pplied to  a so il  s ince  it is  a composite ma teria l .  The equa tion can  
sti l l  be  used, though , by  determining an  average conductivity for the 
soil on a ma�roscopic bas is .7 
A volume of  soi l ma ter i a l  wi l l  increase  in  temperature i f  the hea t  
flux into the volume i s  greater than the hea t  flux ou� o f  the volume 
provided no pha se change of wa ter occurs . The volumetric  hea t  
capacity ( p c ) o f  a s o i l  i s  the amount o f  heat  ne eded to ra ise  the 
tempera ture of a unit volume of s oil ma teria l one degree , where p i s  
the densi ty of  the s o i l  a nd c i s  the gravimetr ic  hea t capa c i ty .  
The rate a t  which the temperature o f  a volume o f  s oil ma teria l 
increa s es i s  dependent on the conductivity and the heat capa c i ty o f  the 
soi l . The therma l ?i ffusivity expresses this rate of tempera ture  in-
crease a nd is  def ined a s  
a= k (2-2) pC 
.Another important hea t trans fer . equation is  obta ined from the law 
of  conserva ti on of  energy . This law requires tha t the-energy entering 
a unit volume of  soil  materi a l  must either leave the volume or cause  
6 
the temperature ·of the soi l  to increa se . Appl ication of thi s  law 
resul ts in  the second-order partia l  differential  equa tion 
a2 r = 1 hl . ( 2 -3 )  
ox. a at 
Equation (2-3) i s  c a l l ed the governing equati on . 8· Thi s  equa tion must  
be  s olved  subj ect  to  c onditions specified by the heat transfer problem . 
For a one-dimens i ona l  hea t  transfer prob1em these cond itions c ons i s t  of 
an  initial  condition and bou�dary conditions� The initia l c ondition 
specifies the temperature distribution within the soi l  in itia l l y .  
Boundary conditions  c a n  be _separated into the fol l owing three  
groups:9 
1 .  Boundary c onditi on of the first kind . This  type of condi tion 
spec ifi es  the tempera ture at  the boundary . I t  has the form 
T (a, t )  = f(a , t )  (2-4 ) 
where a i s  the c oordinate of the boundary and f (a , t )  i s  a 
spec ified func tion . 
' 
2- . Boundary c ondition of the second kind . This  type of  con-
dition specifies  the magn itude of  the hea t  flux at  the 
boundary and may be written a s  
� I x = a = f(a, t )  . (2-5) 
8 D . Kirkham and w. L. P owers , Advanced Soil  Phys ic s , (John Wi l ey 
and Soris , I nc . , New York , .1972), PP• 462-490. 
sM. N .  Ozi s i k, Boundary Va lue Problems of Hea t  Conduction ,  
(Internationa l Textbook Co . ,  Scranton , 1968), PP· 7-9. 
7 
3 .  Boundary condition of the third kind . This  type of conditi on 
i s  a l inear combina tion of the first two conditions . I t  may 
be written a s  
k QI 
oX x =  a 
+ hT(a , t ) = f ( a , t ) (2-6 ) 
where k a nd h are coefficients specified by the boundary .  
The above boundary conditi ons are homogeneous i f  f ( a , t ) = o. 
Often a transformation_may be performed to make the nonhomogeneous  
boundary conditions homogeneous . This may s impl ify the solution of  
the problem .  
Energy Budget 
Variations in s o i l  tempera ture near the soi l  surface are primarily 
the resu lt of periodic varia tions in the net radiation i ncident on the 
surface . The net radia tion i s  the incoming so lar , s ky a nd a tmospheric 
. 
radiation minus  the radia tion reflected a nd emitted from the l a nd sur-
face . The law of cons ervation of energy can be used to write a n  energy 
budget equa ti on express ing the exchange of heat at the land surface . 
The energy budget  equa tion may be written as  
S + B + L+ V = O  
where S i s  the net radiation, B is  the soil  heat flow ,  L i s  the he2t 
exchanged by conduction and mass  movement of the a ir ,  a nd V is the heat 
used for the change of pha se  of wa ter . Energy exchange  may a l s o  occur 
due to a dvection a nd prec ipita tion . Thes e  terms have been omitted 
s ince they constitu te a deviation from the norma l s i tua tion .1 0 
The energy budget equation can  a lso be used i f  a plant  canopy is  
pre sent . The pre sence of  a plant canopy may a l ter each  i nd ividua l 
8 
term bu t the form of the energy ba lance equation wi l l  rema in  uncha nged . 
An example  of the varia tion with time of each term.in  the energy 
budget equa tion i s  shown in Fig . 2-1 . The pos itive direction of heat 
·flow has been chosen  towards the land surface . Notice tha t e a ch term 
has the general  form of a rectified s ine wave . The ma in contr ibutor 
to the energy ba lance  i s  the radiation term . The other terms appear 
to be re lated to the radia tion term a nd thus are in phas e  w:i.th it . 
Furthermore , the combi ned effect of S ,  L, and V can  be approxima te l y  
represented by the pos itive portion of a s ine wave . 
The net energy excha nge  on a ca lm c lear n ight is  primari ly  due to 
the e ffective outgoing radiation . Severa l empirica l formul a s  have been 
developed to describe this term . The most wel l  known of the s e  
0 •• 11 equations are those by .Angstrom and Brunt . 
0 • •  
Angstrom ' s equation is of the form 
- ye 
R = '( A -B lO ) ar4 (2-8 )  
where R i s  the net radiation , A ,  B ,  and Y are empirical  con stants , e 
i s  the vapor pres sure , a i s  the Stefan-Boltzmann constant , a nd T i s  
loR. Ge iger , The Cl imate Near the Ground, ( Harvard Univers i ty 
Press , Ca mbridge , 1 955) , PP· 5-43 . 
i10. G. Sutton , Micrometeorology, ( McGraw-Hi l l  Book Co . , New York , 
1953) ,  pp . 174-181 . 
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the surface tempera ture in  degrees Kelvin. Brunt ' s equation if o f  the form 
- 4 
R = ( a  + b �e ) crT ( 2-9 ) 
where a and b are empirical constants. 
Both of  the previ ous equations ca l culate a nearly c onstant net  
radiation within the tempera ture range norma l ly enc ountered . The net 
rad ia tion a ctu a l l y  decrea ses  and reache s  zero at some c�itica l d iffer-
enc e between_ the surfa ce  temperature and the a ir temperature . 1 2 
.Another relationship has been  proposed by F l eagle  to more a6cura te ly 
describe the net outgoing  radia tion . 1 3  His equa tion is  o f  the form 
R = cr[T�-(T')4] (2-10 ) 
where T' is  the effective a tmospheric  temperature in degrees Kelvin . 
Examination of  Equa ti on ( 2-10 ) shows tha t the net radiation c a lcul a ted 
us ing Fleagl e ' s  re la tionship a pproa ches zero as T approaches T ' . 
1 2 H .  Wexl er , Mon . Wea . Rev . , 64 , 122 (1936 ) . 
1 3 R. G .  Fleagre , J. Meteorol . ,  z, 1 14 ( 1 950 ) . 
CHAPTER 3 .  S IMULATION OF NOCTURNAL SOIL TEMPERATURES 
Development of the Boundary Va lue Problem 
One -dimensiona l hea t  transfer wi l l  be considered in two homo-
· geneous soil  l ayers extending from the surface x = 0 to a depth x = L .  
The va lue  of L wil l  be chosen as  50 cm since the da i l y . soi l  temper-
· 
ature fluctuations become sma l l  a t  this depth .14 , 1 5 There fore , the 
lower boundary tempera t�re of each soil layer wi l l  be assumed conitant . 
Also, the lower boundary tempera ture of one soil  layer ( l�yer A) wi l l  
be assumed to di ffer from the lower boundary tempera ture o f  the other 
layer ( layer B )  by an amount �T .  The temperature difference �T cor-
responds to  a therma l anoma ly  simi lar to an  anomaly as measured .by 
Cartwr ight •1 e 
The upper surface tempera ture of both layers wi l l  be assumed to 
be initia l ly identi c a l . Furthermore , the initia l tempera ture profi l es 
of the two soi l l ayers wil l be assumed to differ by a depth-dependent 
term ¢ ( x ) � T,  where ¢ ( 0 )  = 0 and ¢ ( 1 )  = 1 .  Both profi l es wi l l  a l so be 
assumed to be dissipating heat  from the soi l  surface x = O a t  a con -
stant and equal rate q .  F igure 3-1 , ca l l ed a tautochrone , shows the 
vertical  temperature prof i l e  for soil  layer A. Figure 3-2 shows the 
tautochrone for soil  la yer B .  
l4 J . E .  Carson , Technical  Report ANL-6470, Argonne ,  I l l . , 
Nov . 1961, p .  3 1 . 
15 K . Cartwr ight , .2£· c i t . , PP· 19-20. 
ls Ibid . , pp . 19-38. 
Heat Flux q 




F ig. 3 - 1 . Tautochrone for Soil  Layer A. 
Heat Flux q 




F ig .  3-2 .  Tautochrone for Soi l  Layer B .  
1 2  
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Two trans ient hea t transfer problems must  be solved since  the two 
s o i l  layers have different l ower boundary conditi ons.and d ifferent 
initia l  conditions . 
Both hea t  transfer problems· involve the so lution of  the second 
order differential  equa tio� . 
� = 1 oT • 
ox2 Q' ot 
( 3- 1 ) 
.To solve this  differentia l  equation , two bounda�y conditi ons ·a nd one 
initia l  condition are needed for each problem .  The surface boundary 
c ondition at x = 0 is identica l for both problems since the hea t flux 
i s  a ssumed to be identi cal  for both soil  layers . The upper boundary 
condition for both s o i l  layers is written as a boundary c ond ition o f  
the sec ond kind . Thus 
q = k oT (O,t) • oX ( 3-2 ) 
The l ower boundary condition is  written a s  a boundary c ondition  
of  the first  kind s ince only the temperature ha s been spec i f i ed for 
this boundary . For soi l  layer A the lower boundary condition is wri t-
ten a s  
For s o i l  layer B the l ower boundary. condi tion is  wri tten a s  
(3-3 ) 
( 3-4 ) 
The initial  tempera ture profi le  is  written a s  a functi on of  the 
depth within  the soil  layer . For soil  layer A the initi a l  cond it ion 
is wr itten a s  
. TA (x , O )  = f (x) •
. ( 3-5 ) 
279515 
T .. 
I t  has previously  been a s sumed that the initial  temperature prof i l es 
differ by a function ¢ ( x ) 6T · Thus , the initia l temperature profi le  
for soil layer B.is wri tten a s  
14 
TB ( x , O )  = f ( x )  - ¢ ( x )  AT .  ( 3-6 ) 
A finite -integra l trans form will  be used to solve the two hea t  
trans fer problems previously  defined . Lumsda ine indica tes that the 
solution obtained by a f inite -integra l transform wil l  converge more 
rapidly i f  the nonhomogeneous  boundary conditions are made homogene-
ous .17  The boundary condi tions wi l l , therefore , be  made homogeneous . 
The nonhomogeneous boundary conditions for soi l l ayer A are made 
homogeneous  by letting 
(3-7 ) 
Substitu ting Eq . ( 3-7 ) into the governing equa tion g iven by Eq . ( 3-1 ) 
· resul ts in the new governing equation for soi l layer A 
aav A = � oV A • ox a a · at 
The two boundary condi tions g iven by Eq . ( 3-2) and Eq . ( 3-3 )  are 
trans formed into the homogeneous  boundary conditions 
�A ( L , t ) = 0 .  
( 3-8 ) . 
( 3-9a ) 
( 3-9b) 
l?E .  Lumsda ine , Engr . Exp . Sta . Bul l . 17, Brookings , So . Dak . , 
Nov . 1 970 . 
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The initia l c ondition  for s o il layer A g iven by Eq. ( 3-5 ) is trans -
formed into the new initial condition 
(3-9c ) 
.A s l ightly different substitution i s  required to make the non -
homogeneous boundary condition for soi l  layer B homogeneous . For soil  
l ayer B l et 
TB( x- , t )  = VB ( x , t ) + ( x-L ) .9. + T0 - 6-T . k ( 3- 10 ) 
Substituting Eq. ( 3- 10 ) into the g overning equation g iven by Eq. ( 3- 1 ) 
results in the new governing equation 
02vB - 1 oVB --- -- ( 3-J.l )  
The new boundary c onditions for soi l  l ayer B are �bta ined by substitut-
ing Eq. ( 3-10 ) into Eqs . ( 3 - 2 )  and ( 3 -4 ) .  The new boundary c onditions  
become 
k oVB(O,t� = o 
oX 
( 3- 1 2a )  
( 3-12b ) 
L ikewise , the initial  c ondition for soi l  layer B g iven by Eq. ( 3-6 ) 
becomes the new init ia l c ondition 
VB( x , O )  = f ( x )  - (x-L) t - T0 + flT [ 1- ¢ ( x ) ]. ( 3 - 1 2c ) 
The form o f  Eq. ( 3-9� ) a nd Eq. ( 3- 12c ) may be simpl i f ied by defin-
ing the functions  
1 6  
( 3- 13a ) 
ZB( x ) :: f ( x )  - (x-L) t - T0 + �T [ 1 - ¢ ( x ) ]. ( 3- 13b) 
The initia l conditions for the two soil  layers then· become 
( 3- 14a ) 
( 3- 14b ) 
Compar�s on of Eq. ( 3-8 ) a nd .Eq . ( 3-1 1 ) · shows that the form o f  the 
governing . equa tion for both problems is identical.  Compaiing Eqs. 
r 
( 3:9a ) , ( 3-9b ) , and ( 3 - 14a ) with Eqs. ( 3-12a ) , ( 3-12b ) , a nd ( 3 - 14b ) 
shows that the forms o f  the boundary �onditions and initi�l condi ti on 
are a l s o  identica l  · for both problems · . The substitutions whi ch have 
been performed have , there fore , reduced the two probl ems to a s ing l e  
genera l probl em .  The g overn ing equation for the genera l problem i s  
subj ect t o  the boundary c ondi tions 
k oV(O,t) = O 
ax 
V ( L , t ) = 0 
and the initia l c ondition 
V ( x , O )  = Z( x ) . 
( 3- 15 )  
( 3 - 1 6a )  
( 3- 1 6b )  
( 3 - 1 6c ) 
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Solution of Boundary Va lue  Problem by Finite -I ntegra l Method 
The important fundamental c oncepts uf the finite -integra l trans -
form method wil l n ow be d i scussed and used to so lve the previous ly  
defined boundary va lue  problem . A more deta i led discussion of the 
theory a nd use of a f i n i te -integra l transform may be found in the book 
by Koshlya kov , Smirnov , a nd G l iner .1 8  
Consider the a ppl ication of  a finl te -integra l trans form ·to a 
parti a l  differentia l equati on of  the form 
MV + M ' V  = f ( 3- 17 )  
where V is the unknown function , f is a known function o f  the vari-
abl�s , M ' V  c onta i ns no deriva tives with respect to the vari a bl e  of  
transforma tion , a nd 
MV = a o :av + b QY + g V .  QX 2 OX 
Comparison of Eq . ( 3- 1 5 )  with Eq .  ( 3-17 ) yields 
f = o. 
( 3- 1 8 ) 
( 3-1 9a )  
( 3- 1 9b )  
( 3- 1 9c ) 
ieN .  s .  Koshlyakov , M. M .  Smirnov , and E . _ 
B. G lin�r , _Differenti a l  
E uations of  Ma thematica l  Ph  sics , ( North-Hol la nd Publishing Co . ,  
.Am�terdam , 1964 , pp . 521 -562 . 
. 
1 8  
Equ.ation ( 3 -19a ) requires the c oeffic ients i:1 Eq . ( 3-18 )  t o  have the 
va lues 
a=l b = O  g = o. ( 3-20 )  




V = VK(x, y ) dx 
0 
( 3-21 ) 
where K ( x ,  y) - i s  c a l led the kernel of the transform a nd y i s  the trans-
formed variable . The l imits of  integration in the previou s  equa tion 
c oinc ide with the l imits of varia tion of  the variabl e  of  transforma tion . 
The variable  of  trans forma tion in  this problem varies from x = 0 to 
x = L. 
The transformed re la tionship wi l l  conta in no integra l terms i f  
the kern el sa tis f ies the equa tion 
o 2aK _ 9bK + g K = _ /...2 K ax 2 ax 
where f... does not depend on the variable of transforma tion . 1s 
( 3-22)  
A norma l ized kernel K(x,y) may be defined by the re l a ti onship 
. 
1 -K ( x , y ) = 'C': p· ( x ) K ( x , y ) y ( 3- 23 )  
where Cy i s  a norma l iz ing d ivisor and p(x) i s  a function to b e  deter­
mined . Substituting Eq. ( 3-23) into Eq . ( 3-22 )  yie lds the re l a ti onship 
for the norma l i zed kerne l 
2 -
a p 0 2K + ( 2 da p - bp ) Q.K - 0 K = - /... p K 
()X2 dx oX 
19 Ibid . , pp. 522-525 . 
( 3-24 )  
where 
0 :: _ ( d2a p ..:. dbp + 9 p ). 
dx 2 dx 
19 
( 3-25 ) 
Provided the function p ( x )  s atisfies  the differentia l equation· 
dap _ 
. dx -
bp ' ( 3-26 ) 
Eq . ( 3-24 ) can be wri tten in  the form of the Sturm-L i ouvi l l e  problem 
(3-27 ) 
where 
p = a p  6 = - gp • ( 3-28 ) 
• 
Taking the deriva tive of the product ap in  Eq . ( 3-26 ) resu l ts i n  the 
differentia l equation 
a � + ( da - b) p = 0 • 
dx dx 
The solution of this  differenti a l  equa tion is 
p ( x ) = exp, [- J� � �� - b) dx J. 
(3-29 ) 
( 3-30 ) 
The c oeffic ients a and b were previously determined and are g iven 
by Eq .  ( 3-20 ) . The c oeffic ients in the Sturm-Liouvi l le problem are ob­
ta ined by solving Eq . (3-30 ) .  Using the results obta ined i n  Eqs. 
( 3-30 ) and ( 3-28) , Eq . ( 3-27 )  becomes 
( 3-31 ) 
which is  the differentia l equation to be s a tisfied by the n orma l i zed  
kern el.K . 
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A set of  homogeneous boundary conditions can be sel ected for the 
norma l ized kernel of a form identical to the boundary c ondi ti ons of the 
origina l problem�o From the origina l  boundary cond i ti ons g iven by 
Eqs . ( 3 -16a ) and ( 3- 16b ) , the boundary c onditions for the norma l i zed 
kernel become 
oK(O) = 0 ax 
K(L) = 0 • 
The genera l solution of  Eq . ( 3-31 ) i s  of the form 
K(x) = A s in A.x + B cos  A.x. 
( 3-32a ) 
. . ( 3-32b )  
(3-33 )  
The f irst boundary condition g iven by Eq . (3-32a ) require s  that 
.A= 0 • ( 3-34 ) 
The second boundary condition g iven by Eq . ( 3-32a ) al so  requires that 
K(L) = c os A.L = 0 • 
The roots of the previous equa tion are 
A = ( 2y-l)TT y 21 
y = 1 , 2··· . 
( 3-35 ) 
( 3-36 ) 
The norma l i zed 'kern el g iven by Eq . ( 3-33 ) subj ect to Eqs . (3-34 ) , 
( 3-35 ) , and ( 3 -36 ) thus becomes 
K(x) = cos A.yx y = 1 , 2 , · . . . (3 -37 ) 
co Ibid . , pp . 528 -530 . 
21 
To determine the transform kernel K, the normal izing divi sor C y 
must be determined . The norma l i zing d ivisor can  be determined by the 
relationshiif 1 
· JL _ 2 C y = 0 p ( x )  K ( x ) dx .  (3-38 ) 
The transform kernel is  obta ined by substituting the re su l ts obta ined 
from Eqs .  (3-30 ) and (3-38) into Eq . (3-23 ) . The resul t  is 
. 2 K ( x ) = L c os t...yx . (3-39 ) 
The finite -integral transform may now be performed s ince  the tra ns-
form kernel has been determined for the problem .  The integral trans form 
is performed by mul tiplying the governing equation given by Eq . (3-15) 





f 02V K ( x ) dx = l aY. K ( x ) dx .  
O<Jx2 O:' Oot 
(3-40 ) 
Integrating by part� , u s ing the previous ly determined boundary c on­
ditions together with Eq . ( 3 -22 ) , one can  show that 
L L I o 2V K ( x )  dx = - J 1... y2 V K ( x ) dx . o0x2 0 
Eq .  (3-40 ) can  �hen be wri tten as  
JLt.. 2 V K(x ) dx =  - 1 J1QY K ( x ) dx .  
0 y ct oat 
21Ibid . ,  PP· 527-530 . 
(3-41) 
(3-42 )  
·From the definition of the integral transfo"rm, the previous 
equation becomes 
_ A.2 V = 1 dV y QI dt 
22 
(3-43) 
The partial derivative in Eq. (3-42) has become a total derivative 
since the variable x has been integrated over definite limits. The 
solution of E_q. ( 3-43) is 
- - - QI A. 2t 
V(t) = V(O) e Y 
where V(O) is the transformed initial condition. 
(3-44) 
From the results of the Sturm-Liouville problem, the inverse for 
the transformed function is2 2 
V(x,t) = � V(t) K(x) . 
y=l 
Using Eqs. (3-37) and (3-44) , the function V(x,t) becomes 
CX) 
� - -QI A. 2t 
V ( X , t) = < V ( 0 )  e y COS A YX • y=l 
( 3-45) 
( 3-46) 
The transformed initial condition V(O) is obtained by multiplying 
the initial condition given by Eq. (3-16c) by the transform kernel and 
integrating over the range of the variable of transformation. Thus 
V(O) = f J�z(x) cos Ayx dx (3-47) 
where Z(x) is the initial condition foi the general problem. 
22 Ibid. 
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Substitution of Eq . ( 3-47 ) into Eq . ( 3 -46) ·fina l ly yields 
2 co - � -o: A. 2t 
lL V(x ,_t )  = L _ e . Y c os A.yx Z ( x )  cos  A.yx dx . ( 3-48 ) y- 1 0 . . 
The function V ( x , t )  wa� obta ined from the original tempera ture 
function TA ( x , t ) for s o i l  layer A by us ing Eq . ( 3-7 ) . Substituting 
Eq . ( 3-48 ) into Eq . ( 3-7 ) yields for the temperature of  s o i l  layer A 
L I ZA ( x )  cos  A. x dx . 
0 y 
S imil ar i l y ,  Eq . ( 3- 10 ) trans formed the origina l tempera ture 
( 3-49 ) 
function TB ( x , t ) for s o i l  layer B into the same genera l functi6n V ( x , t ) . 
Substituting Eq . ( 3 -48 ) into Eq . ( 3-10 )  yields for the tempera ture of  
s o i l  layer B 
co 
( t )  = T ( x -L ) ::! - � T + g � e -o: A Y2 t cos  A. TB x ' o + k L y= 1 y 
x 
( 3-50 ) 
Now the fuhctions ZA ( x ) and ZB ( x ) were defined by Eqs . ( 3-13a ) a nd 
( 3-13b ) . Comparison of  these two equations shows that the functions 
are interrela ted by the rel a tionship 
( 3-51 ) 
Substitution into Eq . (3-50) yield� for soil layer B 
T ( t )  ( )
q 2 � -a A. 2t B x ,  .= T 0 + x-L ](' - 6 T + [ < e Y cos  /... x y=l  y 
{J�zA ( x) cos  Ayx dx + 6T J�[ 1 - ¢ ( x ) ]  cos Ayx dx}. 
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(3-52)° 
The magnitude of the thermal anoma ly a t  any depth may be obta ined 
by subtra cting Eq . (3-52) from Eq . {3-49). Thus 
( ) 
f")A T 00 - l'V '\ 2 t TA x,t - TB ( x , t ) = 6 T  - _LJ.J._ 5 e u: /\.y cos /... L y=l .yx 
rL J 0 [ 1 - ¢ ( x ) ] cos  "Ay x dx 
or for the surface therma l anorna l y at x::: 0 
J\ 1 - ¢ ( x ) J c os Ayx dx . 0 • 
(3-53) 
(3-54) 
The previ ous  equa tion shows that the surface therma l anomaly  i s  
dependent on the therma l d i ffus ivity (a ) , the magnitude o f  the therma l 
anoma ly a t  50 cm (6T ) , a nd the form of the initial  temperature d i ffer­
ence between s o i l  profi les  ( ¢ ) ·  Note a l so  tha t the form o f  the initia l  
tempera ture profile  and the surface heat  flux does not appear in  Eq. 
(3-54). 
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Ana lys i s  of Ana lytic Solution 
Cons:i:ler the effec t  the form of ¢ (x ) has on the devel opment o f  
. a s urfa ce therma l anoma l y . Let 
¢ ( x) = 25. • L (3-55 ) 
Eva luation of the integra l term in E q. (3-54 )  yields 
L -
. 
J- [ 1- 2S.J cos  A.yx dx = _l_ o L . LA.y2 
Equation (3 -54 ) then be comes 
(3-56 ) 
( 3-57 ) 
The magnitude of  the surfa ce therma l anoma ly may now be ca l cu l a ted 
by selecting a va lue  for the thermal d iffusivity (a ) . Unl e s s  other-
wise  sta ted , representa tive va lues for the thermal properti e s  used  in 
a l l  subsequent ca l cu l a ti ons are: 
Thermal c onduc tivity (k ) c a l  = 0 . 0036 cm-sec-
a 
C 
Hea t capacity ( pc ) = 0 . 5000 ca l 
cm3-° C 
Therma l diffu s ivity (a ) 2 = 0.0072 .£!!L sec  • 
23 These va lues are for a c lay soil  with 20 volume percent wa ter . 
23 R .  Ge iger , .£12.· c i t . , P· 171 . 
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The results of. a c omputer eva luation of Eq . (3-57) .are  conta ined 
in  Ta ble 3-1. Examina tion of this  table shows tha t a s ignif icant 
therma l a noma ly �s devel oped in a few hours . 
Now let  the function 
¢ ( x) = xz 
Lz 
The integra l term in  Eq . (3-54) then becomes 
JL · y-1 . [l _X2] cos A. x dx = (-1) • o L2 y L2A. 3 y 
(3-58) 
(3-59) 
Substitution into Eq . (3-54) now yields the surface anoma ly g iven a s  
co y-1 2t TA ( O , t) - TB ( O , t) = tlT - � � ( -1) e-af...y • L y= l  f...y3 ( 3-:-6Q) 
The resulis o f  a c omputer evaiuation of Eq . (3�60) are shown in  
Table  3-2. Comparing Tabl e 3-2 with Table 3-1 shows that the sur fa ce  
therma l anoma ly us ing the quadradic  form of ¢ ( x) given by Eq . (3-58) 
is  one ha l f  a s  large a s  the anoma ly obta ined us ing the l inear form 
g iven by Eq . (3-55)., Even t�ough the surface tempera ture s  �re  very 
s imilar , the surface therma l anoma ly developed is much d i fferent in  
magnitude for the d i fferent forms of  ¢ ( x) . 
The development of  a surface  therma l anomaly for a quadrad i c  and 
a l inear form o f  ¢ ( x) is  a l s o  shown in Fig . 3-3. The surface  therma l 
anoma l ies shown in F i g . 3-3 can a l so  be seen to develop d i fferently 
with time . There fore , the selection of  a form for ¢ ( x) a ppears s i gnifi-
cant in  the study of  the devel opment of a surface therma l a noma l y . 
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Tabl e 3-1: Development o f  a Surface Therma l .Anoma ly With T ime f or a 
L inear D ifference Between In itial  Temperature Pro fi l es . 
E I apsed Ti me Surface  Temperature Surface  Temperature Percent of  
( hrs.> of Profi l e  A (° C )  o f  Profi le B (° C) the Subsurfa ce  
Therma l Anoma ly 
Devel oped on 
the Surface  
0 26. 916 26. 912 0. 4 
1 24. 685 24. 570 11.5 
2 23. 755 23. 592 16. 2 
3 23. 051 22. 852 . 19. 9 
4 22. 463 22.233 23. 0 
5 21. 949 21. 692 25. 7 
6 21.488 21. 206 28. l 
7 21.065 20. 761 30.4 
8 20.674 20. 349 32. 5 
9 20. 308 19.963 34. 5 
Table 3-2: Devel opment of  a Surfa ce  Therma l Anoma ly With T ime for a 
Quadradic D i f ference Between I nitia l Tempera ture P ro f i l es . 
E I apse·d Ti me Surf ace  Temperature Surf ace Temperature P ercent o f  
C h rs. ) of Pro f i l e  A (° C )  o f  Profile  B (° C) the Subsurfa c e  ' Therma l Anoma ly  
D eveloped on 
the Sur f  a c e  
0 26.916 26. 916 o.o 
1 24.685 24.664 2.1 
2 23. 755 23.713 4. 1 
3 23. 051 22. 989 6. 2 
4 22. 463 22. 380 8. 3 
5 21. 949 21. 846 10. 4 
6 21. 488 21. 363 12. 4 
7 21. 065 20. 921 14. 5 
8 20.674 20.509 16. 5 
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I nitia l Temperature Profi les 
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�ig . 3-3. Development of a Surfa ce Thermal Anoma ly  With 
Time for Two Different Forms of the Depth 
Dependent Difference Between I n itial Temper-




The surface  therma l anbma ly  a l so appears to be.dependent on the 
thermal diffusivity of the soil . To study the influence thi s  fa ctor 
has on the deve lopment  of a surfa ce  therma l anoma l _y, a· l inear d i ffer­
ence in initial  tempera ture profil es wil l  be assumed . This permits 
the use  of Eq . ( 3 -57) . 
The results of  a computer eva luation of thi s equa tion f or s evera l 
va lues of  therma l di ffu s ivity are shown in Fig . 3-4 .  After 10 hours 
have elapsed, a five-fold increase· in the therma l diffus ivi ty c-a n  be 
seen to resu lt  in a two-fold  increase in th
.e magnitude of the. surface  
·therma l anomaly . Furthermore� a s ignificant therma l anomaly  deve l ops 
for a l l  va lues of  therma l diffus ivity cons idered . 
100 ,---------------------------------------------
50 
A Therma l Diffus ivity = 0 .010 cm2/sec 
B Therma l Diffus ivity = 0.008 crn2/sec 
C Therma l Diffus.ivity = 0 . 006 crn2/sec 
D Therma l Diffus ivity··= 0 .004 crn2/sec 
E Therma l Diffus ivity = 0.002 cm2/sec 
0 11-----'-----'-----.a.----"'----�----a.---------------' 7 8 3 4 5 6 0 1 
Fig . 3-4. 
2 
ELAPSED TIME (HRS ) 
Devel opment of a Surfa ce Therma l .Anoma ly 
With Time for Different Values of Thermal 
Diffu s ivity .  
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CHAPTER 4. SIMULATION OF DIURNAL SOIL TEMPERATURES 
The s 1 1rface therma l a noma ly shown in Fig . 3-3 increases with the 
elapsed time . Equation ( 3-54) a l s o  shows - tha t the surface  thermal · .  
anomaly approa ches  �T a s  t � oo .  Therefore , the a s sumption of  e qua l 
initia l surface  tempera tures can never be reestablished �sing the pre­
vious  mode l . The increa s e  in  the surfa ce  therma l anoma ly toward �T 
resul ted from the a s sumption tha t the surface hea t flux was c ons tant  
with time and identica l  for  both soil profiles . This resulted in the 
eventua l elimina tion of the surface  heat flux f�om the equat i on 
describing the surfa ce  therma l anomaly .  
F igure 2-1 shows heat being trans ferred during the night primarily 
0 • •  
by a radia tive heat tra ns fer mechanism . Angstrom ' s and Brunt ' s  radi-
a tion formu las  calculate a nearly constant radiative hea t l os s  for the 
. ., 
tempera ture ranges norma l ly encountered during the night . This nearly 
constant heat loss  is obtained in their  formulas  since they both a s sume 
' 
a surface at  0 ° Ke lvin . tha t the l and surf a c e  radia tes to 
A more rea l istic equa tion propos ed by F leag le , Eq . ( 2- 10 ) , a ssumes 
that the land svrf ace  radiates to a surfa ce at  temperature T ' • The 
tempera ture T '  accounts for absorption and back radiation by the a tmos ­
phere . · I f  T '  is c lose  t o  the land surface  tempera ture , any cha nge _in 
the surface  temperature or T ' wil l produce a much larger fractiona l 
change in the hea t l oss  ca l cula ted as  compared to the cha nge  cal cula ted 
using Angstrom ' s or Brunt ' s  equa tion . Fleagle ' s  radiation e quation wil l  
the refore be u sed t o  consider the effect  o f  a tempera ture dependen t  
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hea t  l os s  term on the magnitude of  the surfa ce thermal anoma l y  de­
veloped . Since radiative boundary conditi ons are  di fficu lt to  hand l e  
analytica l ly ,  a finite -difference numer ical  technique wi l l  be  used t o  
solve the new heat trans fer problem . 
Devel opment of  F in ite-Difference Model 
.An approximated derivative is  used i� the fin ite -difference  method 
to solve differential  equa tions . The theory of finite d i f ferences  may 
be found in many heat  transfer texts .2 4-2 7 
The derivative of  a function is  defined as  
du _ 1 . - - im 
dx /j.X + oo 
u(x  + Clx) - u(x) • 
b. x  
( 4- 1) 
The f inite-di fference method as sumes that a b. x  may be chosen  suffic i -
ently sma l l  to permit the omiss ion of  the l imit .  Equation ( 4-1) then 
becomes 
du = u(x +
'
6 x) - u ( x) • 
dx /j. X  
( 4-2) 
2 4 G . E .  Myers , Ana lytica l Methods in Conduction Hea t  Trans fer , 
( McGraw-Hi l l  Book Co . , New York , 1971), PP · 233-315 . 
2 5 M . N .  Oz is ik ,  9.2• c i t . , PP · 388-425 . 
2 s G . M . Dus inberre , Heat-Transfer Ca lcul a tions by Finite D if fer­
ences , ( I nternationa l Textbook Co . , Scranton , 
1 961) . 
2 7 H . s .  Carsl aw and J .  c .  Jaeger , Conduction of  Hea t  in Sol ids , 2nd ed . , (Cl arendon Press , Oxford , 1959 ) , PP · 466-478. 
33 
Higher order derivatives may be s imilarly defined . Identica l  resu l ts 
may a iso  be obta ined by expanding the function u in a Tayl or series  
about the point x � 8 
Cons ider now a s la b  of thickness L.  Figure 4-1 shows the a ss ign-
ment of m equa l ly spa ced reference po ints to the sla b .  The m refer -
ence points are usua l ly referred t o  as  noda l points . Notic e  tha t 
nodal point 1 - co inc ides with the upper surface of the s l ab  a t  x = O .  
The point m co incides with the other boundary a t  x = L .  The . distance  
between each noda l point i s  a s sumed to  be  an  equa l interva l 6 X · The 
heat flux into the surface  x = 0 has been denoted q5 whi l e  the hea t  
flux out of  the lower surfa c e  a t  x = L i s  denoted a s  q1 • 
Now cons ider a vo lume of  material  surrounding node n 
( n  = 2, 3 ,  • • • ,m-1 ) a s  shown in F ig . 4-2. The volume of the mater i a l  
surrounding node n is  A l  x where A i s  a unit surface  area a nd 6 x i s  
the d istance  between nodal  points . The amount o f  heat transferred 
from node n - 1 to nod'e n is  denoted by qn-1 , n  and the amount  o f  heat  
tra nsferred fr9m node n to node n + 1 is denoted by  qn , n+  l • The heat 
stored within the volume is  g iven by Esn · 
2 8 M .  N .  Oz is ik , .2£.· .£!1. , PP · 391 -396 . 
ll(i!t<�--- A ----)1.:am 
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F ig . 4-1 . As s ignment of Noda l P o ints and Hea t  F lux 
Terms for the Finite-D ifference Model . 
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F ig .  4-2 . Energy Bal ance for Node n .  
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For one d imens iona l  hea t trans fer , the law of conserva tion of  
energy a ppl ied to  node n results in the equa tion 
. 
qn-1 , n  = qn , n+l + E sn · (4-3 ) 
The ra te a t  which hea t is  trans ferred between noda l points i s  wri tten 
in finite-difference form a s  
( 4-4a ) 
(4-4b) 
where Tn-l  is the tempera ture of node n-1 , Tn is the tempera ture o f  
node n ,  Tn+ l is  the temperature of node n+ l , and k is  the thermal 
conductivity o f  the ma terial  between the noda l points . I f  the con-
ductivity of the vol�me e l ement surrounding each  noda l point is  d i f ­
ferent , the conductivity between noda l points may b e  wri tten a s  the 
average of the volume elements . Thus for Eq . ( 4-4a ) 
k = 
kn-1 + kn • (4-5 ) 
2 
Equation ( 4-4a ) may then be written as  
(4-6a ) 
S imi larl y ,  Eq . ( 4-4b ) bec omes 
q == - ( kn + kn+1) Tn+l - In n , n+l 2 A • 6X 
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( 4-6b )  
The energy stora ge term expresses the rate a t  whi ch the tempera -
ture o f  the volume changes . This  term may be written in  .f in ite -di fference 
form a s  
( 4-7 ) 
where 6 t  is  the time increment , In is the tempera ture o f  node n a t  t ime 
t and. In ' is the tempera ture of node n at time t + 6 t .  
Substituting Eqs . ( 4-6a ) , ( 4-6b ) , a nd ( 4-7 )  into Eq . ( 4-3 ) and 
rearranging terms yields 
( 4-8 ) 
S olving for the tempera ture a t  time t + 6 t results in the equa tion 
( 4-9 ) 
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Now consider the tra nsfer of hea t at the surfa ce x = O. F igure 4-3 
shows the volume e l ement for node 1. 
f< A --�>f 
I I 
I I 
I qs I 
,_I 
�
--.,.._;;.1 __ __.1 _ _ i _ 
E
� - - -Jq1 ; 2 � - _ _:1- -
F ig . 4-3. Energy Ba lance for Node 1. 
The energy ba lance  ca n be written as  
The ra te of  hea t transfer from node 1 to  node 2 is  
( 4-10 ) 
( 4-1 1 ) 
Now s ince  node 1 is  a t  the surfa ce , the volume of ma terial  surrounding 
node 1 is D.x A .· The energy storage term is  then 
2 
( 4- 12 ) 




Solving for the new temperature r1 • gives 
• 
F ina l l y ,  cons ider the node at  the l ower boundary x =  L. F i gure 4-4 
shows the volume e l ement for node m .  
F i g . 4-4 . Energy Ba lance for Node m .  
The energy ba lance  equa tion for node m is  
. 
qm- 1 ,m = qL· + Esm · 
The rate of  hea t  trans fer from node m-1 to node m is  
- - ( km- 1 + km) A Tm - T m- 1 q 1 - - - ') • m- , m  2 � x  
( 4-15) 
( 4-16) 
Aga in s ince the volume e lement surrounding node m is  onl y  � x  A ,  the 2 
energy s torage term can be written as  
( 4-17) 
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Substituting Eqs . (4- 1 6 )  a nd ( 4-17 ) into Eq • .  ( 4-15 ) a nd rearrang­
ing resu l ts in  the equation 
Solving for the new temperature Tm ' g ives 
T , m 
The finite -difference equa tions have now been derived . 
( 4-18 ) 
( 4- 1 9 )  
These 
equations are Eqs . ( 4-9 ) ,  (4-14 ) ,  a nd ( 4- 19 ) . To  s olve a hea t  tra ns fer 
problem , the initia l tempera ture of ea ch of the m noda l points mus t  be 
speci fied . Thi s  is  identica l to the spec ification of an i n i tia l c on-
dition for an  ana l ytica l ly solved problem .  To ca lcu la te the new 
tempera ture at time 6 t ,  the hea t - flux terms q5 and q1 mus t  be s pe c i -
. 
fied . Equa tions (4-14 ) and ( 4- 1 9 )  can then be used to determine  the 
new boundary tempera tures . The new tempera ture of each o f  the interi or 
noda l points can. be determ ined by solving Eq . (4-9 )  for each  node . The 
resu l tant temperatures obta ined for the m nodal points can  then be used 
to ca l culate the tempera ture s a t  time 2ll t .  The iteration process  is 
then continued to obta in the temperature at any des ired future t ime . 
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D etermination of  I teration Interva l  
The solution obta ined ·by the finite -di fference solution may dif­
fer from the · correct soluti on . Errors introduced by  us ing this  method 
are c l a ss ified a s  fol lows :2 s 
( 1 )  round -off errors 
( 2 ) errors due to the instabi l i ty of  the problem 
( 3 )  truncation errors • 
Errors caused by " rounding -off" numbers can norma l l y  be d isr�-
garded s ince thi s  type of error should statistica l ly cancel i tse l f  out . 
I nstabil ity may resul t  i f  the time interval 6 t  is  chosen too 
large . From phys i ca l  reasoning , if  the tempera ture of  the nth node 
increases , the new temperature of the same node should a l s o  increa s e . 
Thus the derivative dTn ' must be positive . Taking the deriva tive of  
dTn 
Eq .  ( 4-9 )  wi th respect to In , one obta ins 
dT ' 
_n_ = 1 
dTn 
( kn-1  + 2kn + kn+ 1 )6 t 
2 ( p c ) n (6x) 2 
( 4-20 )  
The requ irement �ha t Eq . ( 4-20 ) must be pos itive sets a n  upper l imit 
on 6 t . Thus 
( 4-21 ) 
2 9 Ibid . , pp . 392-396 . 
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Trunca ti on errors resu lt from the omiss ion of  the l imit in  the 
finite d i fference approxima tion . The truncation error can  be c on-
sidered by taking . a Tayl or series  expans ion of the function u ( x )  a bout 
the point x .3 0 The truncation error is  minimized i f  
(4-22} 
For a nonhomog�neou s materia l 
( 4-23 )  
A computer program wa s written to evaluate Eqs . ( 4-9 ) , ( 4- 14 ) , a nd 
( 4-1 9 ) . The opera tion of  the f inite-difference program can be checked 
by cons idering the origina l ana lytica l ly  solved problem . The ana l ytica l -
l y  obta ined resul ts were g iven i n  Table 3-1 . This problem a s s umed a con-
. st�nt surfa ce heat flux a nd constant lower boundary tempera tures for 
both soi l  profi les . The constant  lower boundary tempera ture c a n  be 
implemented in the fihite-di fference solution by us ing the re l ationship 
T ' = T m m 
instead of  Eq .  ( 4-19 ) . 
Equation ( 4-21 ) requ ires that 
( 4-24 )  
t;,, t s: 69  seconds ( 4-25 )  
for t;,, x .= 1 cm and the therma l p::operties g iven i n  Chapter 3 .  Table  4-1  
shows the results of  the f inite -difference solution of  the heat trans-
fer problem with t;,, t = 60  seconds .  
3 0 Ibid .  
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Table 4-1 : Development of  a Surface Therma l Anoma ly With Time Us ing 
an  I teration I nterval of 60 Seconds . · 
E l ap s e d  T i me Surf ace  Temperature Surface Temperature P ercent of t_he 
( h rs . ) of Profi le  A (° C )  of Profile  B (° C )  Subsurfa ce  
Therma l Anoma ly 
Devel oped on  
the Surfa c e  
0 27 . 000 27 . 000 0 
1 24 . 685 24 . 570 l l . 5  
2 23 . 755 23 . 593 1 6 . 2  
3 23 . 051 22 . 852 1 9 . 9  
4 22 . 464 22 . 234 23 . 0  
5 21 . 950 21 . 693 25 . 7  
6 21 . 488 21 . 207 28 . l  
7 21 . 066 20 . 762 30 . 4  
8 20 . 674 20 . 349 32 . 5  
9 20 . 308 19 . 963 34 . 5  
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To minimi ze truncation errors , Eq . ( 4-23 ) requires that 
6 t = 23 seconds . ( 4-26 ) 
Table 4-2 shows the results
.
o f  the finite-difference solution of  the 
probl em with 6 t  g iven by Eq . ( 4-26 ) . 
Comparison of Tables 4-1 and 4-2 shows that the larger t ime inter-
va l does not introduce any a ppreciable error . The results u s i ng the 
larger itera tion interval are a ctua l ly closer to the a na l ytica l ly ob­
tained results . A 60 second iteration interva l will  therefore be u s ed 
in  a i l  rema ining probl ems . 
Therma l Anoma ly by  Finite-Difference Model 
Periodic variations in the surfa ce hea t flux must  be cons idered 
in studying da i ly  soil  therma l properties . The da ily  surfa ce  hea t  
flux may b e  approxima ted by the sum o f  the pos i tive ha l f  o f  a s ine  wave 
during the day and a constant- l oss  term during da y and night � 1 S ince 
' 
the primary temperature dependent heat-loss term is  a rad i a t ive term , 
the surface  heat flux approximation wi l l  be chosen to inc l ude a radi -
a tive term . The diurna l surface  hea t- flux term wil l  thus be approx i -
mated by the sum of the positive ha l f  of a s ine wave and a radiative-
loss  term . The radiation equa tion used wi l l  be the re la tionship  by 
F leagle  g iven in Eq . ( 2-10 ) .  
3 1 R .  w. Smith Jr . ,  RSL Report 69-4 , Stanford , Ca l i f . ,  Ju ly  1 969 , 
pp . 21 -22 .  
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Table 4-2 : Development of  a Surface Therma l Anoma ly With Time Us ing 
an  I teration Interva l of 23 Seconds . 
E I  ap se d T i  me Surf ace  Temperature Surface Tempera ture P ercent of  the 
( h rs . ) of  Profi le  A (° C )  o f  Profi le  B (° C )  Subsurface  
Therma l Anoma ly 
Developed on 
the Surfac e  
0 27 . 000 27 . 000 0 
1 26 . 678 24 . 562 1 1 . 5  
2 23 . 743 23 . 579 1 6 . 3  
3 23 . 035 22 . 835 20 . 0  
4 22 . 444 22 . 214 23 . 1  
5 21 . 928 21 . 670 25 . 8  
6 21 . 464 21 . 182 28 . 3  
7 21 . 040 20 .735 30 . 5  
8 20 . 647 20 . 320 32 . 6  
9 20 . 279 19 . 933 34 . 6  . 
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The form of the differenc e between the initia l tempera ture pro'­
fi les a s  a functi on of  depth was previou s l y  found to be s ignif icant in 
its effect on the magni tude of the devel oping surface thermal anoma l y .  
The finite -di fference mode l wil l thus be used t o  eva lua te the therma l 
profi les  cons istent with the model . The surface temperature of  each 
profi le  and the surface therma l anomaly  for a four day peri od are 
shown in  Tabl es  4-3 through 4-6 . A s ignificant thermal anoma l y  de­
vel ops within a few hours and is  shown to be approximatel y  30 percent 
of  the subsurface therma l anoma ly present at a 50 cm depth for the 
ther�al properties a s sumed . Da ily  variations · in the surface  anoma l y  
are sma l l  compared with the magnitude of the �urfa ce therma l anoma l y .  
Thu s the initia l a ssumption of  identica l initial  surface temperatures 
is not reestabl ished even with a radiative temperature dependent sur-
face  heat flux . 
The initial  temperature profi les were as sumed to exis t  a t  1400 
hours . Model correct.ions of this temperature profile  are shown in 
Fig . 4-5 . After 24 hours a new temperature profi le  is  obta ined which 
devia tes from the initia l ly assumed profile . This tempera ture pro f i l e  
a t  1400 hours does not then deviate significantly for the l a st  two 
days . Thus it  represents a profile  which is  cons i stant with the mode l . 
The temperature di fference between profiles a fter four days i s  
plotted i n  Fig . 4-6 . An a lmost l inear difference with depth c a n  be 
seen . Thus the resul ts in the previous  model us ing a l inear difference 
in initial  temperature profi l es appear val id for calculating the time 
of �evel opment of a surfa ce thermal anomaly .  
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Table  4-3 : Surfac e  Therma l Anomaly During the First 24- Hour P er i od 
for a Clay  Soi l  With 20-Volume-Percent Wa ter . 
Hours Sur.face  Tempera ture Surf ace Temperature P ercent of the 
of Prof i l e  A (° C ) of Profi le B (° C ) · "S ubsurfac e  
Therma l Anoma ly 
Developed on  
the  Surfa c e  
1400 31 . 000 31 . 000 o .o 
1 500 30 . 631  30 . 536 9 . 4  
1600 · 29 . 360 29 . 235 12 . 5  
1700 27 . 377 27 . 232 14 . 6  
1800 24 . 81 9  24 . 656 16 . 3  
1 900 23 . 1 96 23 . 0 1 9  17 . 7  
2000 22 . 170 21 . 982 . 18 . 9  
2100 21 . 395 21 . 196 1 9  •. 9 
2200 20 . 770 20 . 561  20 . 8  
2300 20 . 246 20 . 030 21 . 7  
0000 1 9 . 797 19 . 573 22 . 4  
0100 1 9 . 404 1 9 . 173 23 . 1  
0200 1 9 . 056 18 . 818  23 . 8  
0300 1 8 .743 18 . 499 24 .4  
0400 1 8 .459 18 . 209 24 . 9  
. 0500 18 . 200 17 . 945 25 . 5  
0600 17 . 961  17 . 702 26 . 0  
0700 1 9 . 105 18 . 841 26 . 4  
0800 21 . 102 20 . 835 26 .7  
0900 23 . 387 23 . 1 17 27 . 0  
1000 25 . 644 25 . 373 27 . 1  
l lOO 27 . 629 27 . 356 27 . 3  
1200 29 . 144 28 . 870 27 . 4  
1 300 30 . 046 29 . 770 27 . 6  
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Table 4-4 :  Surface Therma l Anoma ly During the Second 24-Hour P eri od 
for a Clay Soi l  With 20-Volurne-P ercent Water . 
Hours Surfa ce Temperature Surf ace Temperature Percent of  the 
of Profile  A (° C )  o f  Prof i l e  B (° C ) Subsurface  
Thermal Anomaly  
D eveloped on  
the Surface  
1400 30 . 240 29 . 963 27 . 7  
1500 29 . 688 29 . 408 27 . 9  
1600 28 . 401 28 . 1 19 28 . 2  
1700 . 26 . 442 26 . 158 28 . 5 . 
1800 23 . 920 23 . 632 28 . 8  
1 900 22 . 336 22 . 045 29 . 1  
2000 21 . 352 21 . 058 29 . 5  
2100 20 . 618 20 . 320 29 . 7  
2200 20 . 032 1 9 . 732 30 . 0  
2300 1 9 . 546 19 . 244 30 . 3  
0000 1 9 . 133 18 . 828 30 . 5  
0100 18 . 774 18 .467 30 . 7  
0200 18 . 457 18 . 148 30 . 9  
0300 18 . 175 17 . 864 3 1 . 1  -
17 . 607 0400 17 . 920 31 . 3  
0500 17 . 689 17 . 374 31 . 5  
0600 17 . 476 17 . 159 3 1 . 7  
0700 18 . 645 18 . 328 3 1 . 8  
0800 20 . 668 20 . 350 3 1 . 8  
0900 22 . 977 22 . 660 31 . 8  
1000 25 . 258 24 . 942 3 1 . 7  
l 100 27 . 265 26 . 950 3 1 . 5  
1200 28 . 802 28 . 488 3 1 . 4  
1 300 29 . 724 29 . 410 3 1 . 3  
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Tabl e 4-5:  Surface  Therma l Anoma ly  During the Third 24-Hour P eriod 
for a Clay S o i l  With 20-volume-P ercent Water . 
Hours Surfa ce Tempera ture Surfa ce  Temperature P ercent o f  the 
of Prof i l e  A (° C )  of Profile  B (° C )  Subsurface  
Therma l Anoma ly 
Devel oped on  
the Surfa ce 
1400 29 . 936 29 . 624 31 . 3  
1 500 29 .400 29 . 088 3 1 ., 3  
1 600 28 . 129 27 . 816  3 1 . 3  
1700 26 . 184 25 . 870 31 . 5  
1800 23 . 674 23 . 357 3 1 . 7  
1 900 22 . 103 21 . 784 3 1 . 9  
2000 21 . 130 20 . 809 '32 . 1  
2100 20 .406  20 . 084 32 . 2  
2200 1 9 .831 19 . 507 32 . 4  
2300 19 . 355 1 9 . 030 32 . 5  
0000 18 . 952 18 . 625 32 . 6  
0100 18 . 602 18 . 274 32 . 7  
0200 1 8 . 294 17 . 965 32 . 9  
0300 1 8 . 020 17 . 690 33 . 0  
0400 17 . 773 17 . 442 33 . 1  
0500 17 . 548 17 . 217 33 . 1  
0600 17 . 343 17 . 01 1 33 . 2  
0700 18 . 51 9  18 · 187 33 . 3  
0800 20 . 549 20 . 211 33 . 2  
0900 22'.865 22 . 534 33 . 1  
1000 25 . 153 24 . 823 32 . 9  
l lOO 27 . 166 26 . 838 32 . 7  
1200 28 . 709 28 . 383 32 . 5  
1 300 29 . 635 29 . 312  32 . 4  
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Tabl e 4-6:  Surfa ce Therma l Anoma ly During the Fourth 24-Hour P er i od 
for a Clay S o i l  With 20 -Volume-P ercent Water . 
Hours Surface  Tempera ture Surface  Termperature P ercent of the 
of Profi l e  A (° C ) of Profi le  B ( ° C ) Subsurfa c e  
Thermal Anoma ly  
D evel o ped on  
the Sur face  
1400 29 . 853 29 . 530 32 . 3  
1 500 29 . 322 29 . 000 32 . 2  
1 600 28 . 054 27 . 732 32 . 2  
1700 26 . 1 13  25 . 790 32 . 3  
1800 23 . 607 23 . 282 32 . 5  
1 900 22 . 039 21 . 712  32 . 6  
2000 21 . 069 20 .741 32 . 8  
2100 20 . 348 20 . 01 9  32 . 9  
2200 1 9 . 776 1 9 . 446 33 . 0  
2300 1 9 . 303 18 . 972 33 . 1  
0000 18 . 902 18 . 569 33 . 2  
0100 18 . 554 18 . 221 33 . 3  
0200 18 . 249 17 . 915  33 . 4  
0300 17 . 977 17 . 642 33 . 5  
0400 17 . 732 17 . 397 33 . 5  
0500 17 . 510 17 . 174 33 . 6  
0600 17 . 307 16 . 970 33 . 7  
0700 18 . 485 18 . 148 33 .7  
0800 20 . 516  20 . 180 33 . 6  
0900 22 . 834 22 .499 33 . 4  
1000 25 . 123 24 .791 33 . 3  
l lOO 27 . 1 38 26 . 808  33 . 1  
1200 28 . 683 28 . 354 32 . 8  
1300 29 . 6J. l 29 . 284 32 . 7  
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F ig .  4-6 .  Form o f  the Temperature Dif
ference Between 
Temperature Profiles . 
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Va l idity of Lower Boundary Condition 
The 50- cm temperature for both soil  layers was previou s l y  a s -
sumed constant . T o  examine the val idity of  this assumption , the f in ite­
difference computer program can be used to study the heat trans fer i n  
100-cm soil  layers . The initia l temperature profiles  use� a r e  the 
corrected 50-cm profiles  obta ined previously  with the temperatures from 
50 to 100 cm a s sumed initia l ly equal . 
The soil  temperatures ca l culated for profile  A a t  depths o f  1 cm , 
20 cm and 50 cm are shown in Fig . 4-7 for the last  two days of  a four-
day period . F i gure 4-8 s hows 1- cm ,  20 -cm , and 50-cm s o i l  temperatures 
measured a t  Argonne , I l l inois . The periodic soil tempera ture s  c a l cu-
lated by  the computer compare in form with the mea sured temperatures . 
D ifferences in the numerical  va lues are probably due to d i f ferences in  
. hea t  flux and thermal properties . The importa nt point i s  tha� the form 
of the tempera ture varia tion is similar in both figures impl ying tha t  
' 
the hea t flux terms used a re probably a good estima te of  the a c tua l 
heat flux . 
The 50-cm s o il  tempera ture fluctuations shown in F igs . 4-7 and 4-8 
are sma l l . The previous a s sumption of constant 50-cm s o i l  temperatures 
therefore does not a ppear to greatly influence the previously  obta ined 
results . 
The 50-cm therma l anomaly  for four days is  shown in  F i g . 4-9 . The 
anomaly can  be seen to decrea se rapidly at first with the rate o f  de­
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50-cm anoma ly was probably the result  of  the mode l correc ting the 
ini tial  profi le . The important resu lt is that no s igni fi ca nt da i l y  
fluctua tions occur in the subsurface  anoma ly at  a 50- cm depth . Thus , 
the previous a ssumpti on of  a constant therma l anoma ly a t  50 cm appears 
reasonable . 
S imple Layered Condition 
Actua l soil  therma l properties vary with depth . Nonhomogeneous 
soi l s  may often be a pproxima ted by a system of soil layers with d i f fer-
h t .  3 2 ent t erma l proper ies . A s imple  two-layered system wi l l  n ow be used 
to corts ider the effect  these la yers have on the magnitude o f  the sur-
face  therma l anoma ly • 
. Aga in cons ider two 50 -cm s oi l  layers • . A previ ous probl em c on-
sidered a homogeneous so i l  with the fol lowing therma l properties : 
Therma l d ct · ity ( k ) = 0 . 0036 ca l 6 con u 1 � cm-sec- C 
Heat capa c ity ( p c )  = 0 . 5000 
ca l 
crri3 -° C 
2 
Therma l  diffus ivity ( a )  = 0 . 0072 �:c · 
The above va lues were g iven for a clay soil  with 20-volume-percent 
water . The surfa ce soil temperature varia tions and surface  therma l 
a noma ly for four days i s  shown in Tables 4-3 through 4-6 . 
32 w .  R. vanWij k and w .  J .  Derksen , in Physics  of P l ant Evviron-
k Ed . ,  ( North-Hol land Publ ishing Co . ,  Amsterdam , �' W .  R . va nW'i j , 
1 963 ) , . pp . 171 -209 .  
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A clay  so i l  with 40-volume- percent water has the fol lowing therma l 
properties :3 3 
Therma l conductivi ty (k ) = 0 . 0043 cal  
cm-sec -° C 
Heat capacity ( p c ) = 0 . 7049 ca l 
cm3-° C 
Therma l diffus ivity (� ) = 0 . 0061 cm 2 • - sec 
The results obta ined by cons idering homogeneous soil  profi l e s  with the 
above stated therma l properties for a c lay  soil  with 40- volume- percent 
wa ter are inc luded in Ta bl es 4-7 through 4-10 . 
Comparison of  the tables for the two different homogeneous s o i l s  
shows that a s l ightly larger surface therma l anomaly devel ops  in  the 
soi l  conta ining more wa ter . The da ily varia tion in the therma l anoma l y  
does not appear t o  be a ffected by the difference i n  soil  therma l • 
properties . 
Now c ons ider a s imple  two-layered system . Assume that the near -
surfa ce s o i l  therma l properties  can be approximated by a 25- cm homogene-
ous s o i l  layer with 20-volume- percent wa ter above a 25- cm homogeneous  
soi l la yer with 40- volume -percent water . The results obta i ned from this 
layered system are conta ined in Tables 4-11  through 4-14 . The resu l ts 
obta ined by interchanging the la yers is conta ined in Table s  4-15  through 
4-18 . 
3 3  
Geiger , l oc . c i t . , P • 171 . 
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Tabl e 4-7 : Surface  Therma l Anoma ly Dur ing the First 24-Hour P er i od 
for a Clay  Soil  With 40-Volume-P ercent Wa ter . 
Hours Surfa ce  Tempera ture Sur face  Temperature P ercent o f  the 
o f  Profi le  A (° C )  o f  Profile  B (° C) Subsurface  
Therma l Anoma ly  
D eveloped on 
the Surf a ce 
1400 31 . 000 31 . 000 o.o 
1500 30 . 357 30 . 267 9 . 0  
1 600 29 . 242 29 . 121 1 2 . 1 
1700 27 . 578 27 . 435 14 . 3  
1 800 25 . 449 25 . 289 1 6 . 0  
1 900 24 . 046 23 . 871 17 . 5  
2000 23 . 1 28 22 . 940 1 8 . T  
2100 22 . 41 9  22 . 221 1 9 . 9  " 
2200 21 . 839 21 . 630 20 . 8  
2300 21 . 347 21 . 130 21 . 8  
0000 20 . 921 20 . 695 22 . 6  
0100 20 . 544 20 . 31 1  23 . 3  
0200 20 . 208 1 9 . 967 24 . 1  
0300 1 9 . 904 1 9 . 657 24 . 7  
0400 1 9 . 627 1 9 . 373 25 . 3  
0500 1 9 . 372 19 . 1 13 25 . 9  
0600 19 . 137 18 . 872 26 . 5  
0700 1 9 . 995 1 9 . 725 27 . 0  
0800 21 . 560 21 . 286 27 . 4  
0900 23 . 384 23 . 107 27 . 8  
1000 25 . 215  24 . 934 28 . 1  
l lOO 26 . 849 26 . 565 28 . 4  
1 200 28 . 1 23 27 . 837 28 . 6  
1300 28 . 91 1  28 . 622 28 . 9  
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Table 4-8 : Surfa ce  Therma l Anoma ly  Dur ing the Second 24 -Hour P eriod 
for a Clay Soil  With 40 -Volume -Percent Wa ter . 
Hours Surfa ce Temperature Surface  Tempera ture P ercent of  the 
of Prof i l e  A (° C )  o f  Profile  B (° C ) Subsurface  
Therma l Anoma ly 
D evel oped on  
the  Surfa ce  
1400 29 . 1 29 28 . 837 29 . 1  
1500 28 . 736 28 . 442 29 . 4  
1 600 27 . 737 27 . 440 29 . 7  
1700 26 . 177 25 . 877 30 . 0  
1 800 24 . 140 23 . 837 30 . 4  
1 900 22 . 81 9  22 . 51 1  30 . 7 
2000 21 . 975 21 . 664 3 1 . 1  
2100 21 . 332 21 . 018 3 1 . 4  
2200 20 . 81 2 20 . 495 3 1 . 7  
2300 20 . 375  20 . 055 32 . 0  
0000 1 9 . 999 1 9 . 676 32 . 3  
0100 1 9 . 668 1 9 . 343 32 . 6  
0200 1 9 . 374 1 9 . 046 32 . 8  
0300 1 9 . 1 10 18 . 779 33 . 0  
0400 18 . 869 18 . 536 33 . 3  
0500 1 8 . 649 18 . 314 33 . 5  
0600 1 8 . 446 18 . 109 33 . 7  
0700 1 9 . 335 18 . 997 33 . 9  
0800 20 . 93 1  20 . 591 34 . 0  
0900 22 . 784 22 .444 34 . 0  
1000 24 . 643 24 . 303 34 . 1  
l lOO 26 . 305 25 . 964 34 . 1  
1 200 27 . 604 27 . 264 ·34 . 0  
1 300 28 . 417 28 . 076 34 . 0  
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Tabl e 4-9:  Surfac e  Thermal Anoma ly  During the Third 24 -Hour P er i od 


























Surfa c e  Tempera ture Surfa ce  Tempera ture P er cent . of  the of Prof i l e  A (° C )  of Profi le  B (° C )  Subsurfa ce  
28 . 657 
28 . 286  
27 . 306 
25 .764 
23 . 744 
22 .438 
21 . 609 
20 . 982 
20 . 476  
20 . 052 
19 . 689 
1 9 . 371  
1 9 .089 
18 . 836 
18 . 606 
18 . 397 
18 . 204 
1 9 . 104 
20 . 709 
· 22 . 573 
24 . 441 
26 . 1 12  
27 . 420 
28 . 241 
28 . 317 
27 . 945 
26 . 964 
25 . 421 
23 . 399 
22 .091 
21 . 260 
20 . 631 
20 . 123 
1 9 . 698 
1 9 . 333 
19 . 014  
18 . 731 
18 . 476 
18 . 246 
18 .035 
17 . 841 
18 . 740 
20 . 345 
22 . 210 
24 . 079  
25 .751 
27 . 060 
27 . 882 
Therma l Anoma l y  
D eveloped on 
the Surfa ce  
34 . l  
34 . 1  
· 34 . 2  
34 . 4  
34 . 5  
34 . 7  . 
34 . 9  
35 . 1  
35 . 3  
35 . 4  
35 . 6  
35 . 7  
35 . 8  
35 . 9  
3.6 . 1  
36 . 2  
36 . 3  
36 . 3  
36 . 3  
36 . 3  I 
36 . 2  
36 . 1  
36 . 0  
35 . 9  
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Tabl e 4-10 : Surface  Thermal Anomaly' Dur ing the Fourth 24 -Hour P er i od 


























Surfac e  Temperature 
of Profi l e  A (° C ) 
28 . 490 
28 . 125 
27 . 153 
25 . 617 
23 . 603 
22 . 302 
21 . 479 
20 . 856 
20 . 355 
1 9 . 937 
1 9 . 578 
1 9 . 265 
1 8 . 987 
1 8 . 738 
1 8 . 51 2  
18 . 307 
18  . 1 17  
1 9 . 021 
20 . 630 
22 . 497 
24 . 369 
26 . 043 
27 . 355 
28 . 178 
Surface  Temperature 
of Profi le  B (° C ) 
28 . 1 31 
27 . 767 
26 . 794 
25 . 258 
23 . 242 
21 . 940 
21 . 1 16  
20 .492 
1 9 . 990 
1 9 . 570 
1 9 . 21 1  
18 . 896 
18 . 618 
18 . 368 
18 . 142 
17 . 935 
17 . 745 
18 . 648 
18 . 258 
22 . 1 26 
23 . 999 
25 . 674 
26 . 987 
27 . 812  
P ercent of  the 
Subsurface  
Thermal Anoma ly \ 
Devel oped on 
the  Sur face . 
35 . 8  
35 � 8  
35 . 8  
35 . 9  
36 . 0  
36 . 2  
36 . 3  
36 . 4  
36 . 5  
36 . 6  
36 . 7  
36 . 8  
36 . 9  
37 . 0  
37 . 1  
37 . l  
37 . 2  
37 . 2  
37 . 2  
37 . l  
37 . 0  
36 . 8  
36 . 7  
36 . 6  
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Table  4-1 1 :  Surface Therma l Anoma ly During the Fir s t  24-Hour P eriod 
With a Layer of Clay  Soi l With 20- Volume- P ercent Wa ter 



























of Pro f i l e  A (° C )  
31 . 000 
30 . 631 
29 . 358 
27 . 372 
24 . 807 
23 . 174 
22 . 138 
21 . 351 
20 . 71 5  
20 . 182 
1 9 . 725 
1 9 . 327 
18 . 976 
18 . 662 
18 . 380 
18 . 124 
17 . 890 
1 9 . 040 
• 21 . 044 
23 . 337 
25 . 603 
27 . 596 
29 : 1 20 
30 .028 
Surface Temperature 
of  Profi l e  B (° C )  
31 . 000 
30 . 536 
29 . 234 
27 . 226 
24 . 643 
22 . 995 
21 . 946 
21 . 148 
20 . 501 
1 9 . 959 
1 9 . 494 
1 9 . 089 
18 . 730 
18 . 410 
18  . 1 21 
17 . 859 
17 . 620 
18 . 765 
20 .766 
23 . 056 
25 . 319  
27 . 310 
28 . 833 
29 . 740 
P ercent of  the 
Subsurface  
Therma l Anoma ly 
Devel oped on 
the Surfa c e  
o . o 
9 . 4  
1 2 . 5  
14 . 6  
1 6 . 4  
17 . 9  
1 9 . 2  
20 . 3  
21 . 3  
22 . 3  
23 . 1  
23 . 9  
24 . 6  
25 . 3  
25 . 9  
26 . 5  
27 . 0  
27 . 5  
27 . 9  
28 . 1  
28 . 4  
28 . 5  
28 . 7  
28 . 9 
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Table 4- 12 :  Surface  Therma l Anoma ly Dur ing the Second 24-Hour P er i od 
With a Layer of  Clay Soil  With 20-Volume-P ercen t  Wa ter Over 


























Surfa ce  Temperature 
of Profi l e  A (°  C ) 
30 . 228 
29 . 678 
28 . 391 
26 . 430 
23 . 902 
22 . 31 1  
21 . 318  
20 . 573 
1 9 . 978 
1 9 . 484 
1 9 . 064 
18 . 701  
18 . 382 
1 8 . 099 
17 . 846 
. 17 . 618  
17  . 410 
1 8 . 585 
20 . 615  
22 . 932 
25 . 221 
27 . 237 
28 . 782 
29 . 7 10 
Surf ace  Temperature 
of Profi le  B (° C ) 
29 . 937 
- 29 . 385 
28 . 096 
26 . 131  
23 . 600 
22 . 005 
21 . 008 
20 . 261 
1 9 . 663 
1 9 . 1 66 
18 . 743 
18 . 378 
18 . 056 
17 . 772 
17 . 516  
17 . 286 
17 . 076 
18 . 250 
20 . 280 
22 . 597 
24 . 888 
26 . 904 
28 . 451 
29 . 380 
P ercent of  the 
Subsur fa c e  
Therma l Anomaly 
Deve loped on 
. the Surfac e  
29 .0  
29 . 3  
29 . 5  
29 . 8  
30 . 2  
'30 . 6  
30 . 9  
3 1 . 3  
3 1 . 6  
3 1 . 8  
32 . l  
32 . 3  
32 . 6  
3 2 . 8  
33 . 0  
33 . 2  
33 . 4  
33 . 5  
33 . 5  
33 . 5  
33 . 4  
33 . 2  
33 . 1  
33 . 0  
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' Table  4- 1 3 :  Sur.fa ce  Therma l Anomaly  During the Third 24-Hour P er i od 
With a Layer of  Cl ay Soil  With 20-Volume-Percent Wa ter 
Over a Layer of Clay  Soil  With 40-Volume-Percent Wa ter . 
Hours Surfa ce  Tempera ture Surfa ce  Tempera ture P erc ent of the 
o f  Profi le  A (° C ) of  Profi l e  B (° C ) Subsurfa c e  
Therma l Anoma ly 
D evel oped on 
· the Surfac e  
1400 29 . 928 29 . 598 33 . 0 
1500 29 . 394 29 . 065 33 . 0  
1600 28 . 123 27 . 792 33 . 0  
1700 26 . 175 25 . 843 33 . 2  
1800 23 . 659 23 . 325 . 33 . 4  
1 900 22 . 080 21 . 744 . 33 . 6  
2000 21 . 098 20 . 760 33 . 8  
2100 20 . 365 20 . 025 34 . 0  
2200 1 9 . 780 1 9 . 438 34 . l  
2300 1 9 . 296 18 . 953 34 . 3  
0000 18 . 885 18 . 541 34 . 4  
0100 18 . 531 18 . 185 34 . 6  
0200 18 . 220 17 . 874 34 . 7  
0300 17 . 946 17 . 598 34 . 8  
0400 17 . 700 17 . 351 34 . 9  
0500 17 . 479 17 . 129 35 . 0  
0600 17 . 278 1 6 . 928 35 . 1  
0700 1 8 . 461 18 . 109 35 . 1  
0800 20 . 297 20 . 146 35 . 1  
0900 22 . 821 22 . 471 34 . 9  
1000 25 . 1 17 24 .769 34 . 7  
l lOO 27 . 138 26 . 793 34 . 5  
1200 28 . 689  28 . 346 34 . 3  
1300 29 . 623 29 . 281  34 . 2  
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Table  4-14 : Surface  Thermal Anomaly
.
During the Fou rth 24- Hour P er i od 
With a Layer of Clay Soil  With 20 -Volume-P ercent Wa ter 


























Surface  Temperature 
of Profi l e  A (° C ) 
29 . 845 
29 . 316  
28 . 049 
26 . 105 
23 . 593 
22 . 017  
21 . 038 
20 . 307 
1 9 . 725 
1 9 . 244 
18 . 836 
18 . 484 
1 8 . 176 
17 . 903 
17 . 660 
17 . 441  
17 . 242 
18 . 426 
20 . 464 
20 . 790 
25 . 088 
27 . l l l  
28 . 663 
29 . 598 
Surface Temperature 
of Prof ile  B (° C ) 
29 . 504 
28 . 976 
27 . 709  
25 . 764 
23 . 250 
21 . 672 
20 . 692 
1 9 . 960 
1 9 . 376 
18 . 894 
18 . 485 
18 . 132 
17 . 823 
17 . 550 
17 . 306 
17 . 086 
16 . 887 
18 . 071  
20 . no 
20 . 437 
24 . 737 
26 . 762 
28 . 317 
29 . 253 
P ercent of the 
Subsurfac e  
Therma l Anomaly 
Deve l oped on 
. the Surface  
34 , 1  
34 . 0  
34 .0  
34 . l  
34 . 3  
34 . 5  
34 . 6  
34 . 7  
34 . 9  
35 . 0  
35 . 1  
35 . 2  
35 . 3  
35 . 3  
35 .4  
35 . 5  
35 . 6  
35 . 6  
35 . 5  
35 . 3  
35 . 1  
34 . 9  
34 . 7  
34 . 5  
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Ta ble 4-15 : Surface  Therma l Anoma ly During the F irst 24 -Hour Per i od 
With a Layer of Clay Soil  With 40-Volume-Percent Wa ter 


























Surface Tempera ture 
of  Pro f i l e  A (° C )  
31 . 000 
30 . 357 
29 . 242 
27 . 581  
25 . 457 
24 . 061  
23 . 152 
22 . 453 
21 . 883 
21 . 401  
20 . 983 
20 . 614 
20 . 284 
1 9 . 984 
1 9 . 710  
· 1 9 . 456 
19 . 221 
20 . 078 
2•1 . 640 
23 .461  
25 . 287 
26 . 91 6  
28 . 1 84 
28 . 967 
Surfa ce Temperature 
of Profi le  B (° C )  
31 . 000 
30 . 267 
29 . 121 
27 . 438 
25 . 298 
23 . 888 
22 . 967 
22 . 258 
21 . 679 
21 . 188 
20 . 763 
20 . 388 
20 . 051 
19 . 745 
1 9 . 465 
19 . 207 
18 . 967 
1 9 . 81 9  
21 . 378 
23 . 195 
25 .018  
26 . 645 
27 . 91 1  
28 . 692 
P ercent  of the 
Subsurfac e  
Therma l Anoma ly 
D eveloped on 
the Surfa ce  
o . o 
9 . 0  
1 2 . 1  
14 . 2  
· 1 5 . 9  
17 . 3  
18 . 5  
· 1 9 . 5  
20 . 4  
21 . 2  
22 . 0  
22 . 7  
23 . 3  
23 . 9  
24 . 4  
24 . 9  
25 . 4  
25 . 9  
26 . 2  
26 . 6  
26 . 8  
27 . 1  
27 . 3  
27 . 5  
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Table 4-16 :  Surface  Therma l Anoma ly During the Second 24-Hour P eriod 
With a Layer of  Clay Soil  With 40-Volume-P erc ent Water 
Over a Layer of Clay Soil With 20-Volume-P ercent  Water . 
Hours Surf  a ce  Temperature Surface  Temperature P ercent of  the 
of Pro fi l e  A (° C ) of Profi le  B (° C ) Subsurfa c e  
Therma l Anoma ly 
Devel oped on 
the Surfac e  
1 400 29 . 1 80 28 . 903 27 . 7  
1500 28 . 784 28 . 504 28 .• 0 
1 600 27 . 782  27 . 500 28 . 2  
1700 26 . 222 25 . 936 28 . 5  
1800 24 . 186  23 . 898 28 . 8  
1 900 22 . 867 22 . 576 29 . 2  
2000 22 . 027 21 . 732 29 . 5  
2100 21 . 390 21 . 092 29 . 8  
2200 20 . 876 20 . 575 30 . 1  
2300 20 . 444 20 . 141  30 . 3  
0000 20 . 073 1 9 . 767 30 . 6  
0100 1 9 . 747 1 9 . 439 . 30 . 8  
0200 1 9 . 456 1 9 . 146 31 . 0  
0300 1 9 . 1 94 18 . 881  3 1 . 3 
0400 18 . 954 18 . 639 3 1 . 5  
0500 18 . 733 18 .416  3 1 . 7  
0600 18 . 528 18 . 209 3 1 . 9  
0700 1 9 .415  1 9 . 095 32 . 0  
0800 2'1 . 007 20 . 685 32 . 1  
0900 22 . 856 22 . 534 32 . 2  
1000 24 . 709 24 . 307 32 . 2  
l lOO 26 . 365 26 . 043 32 . 2  
1200 21 . 059 27 . 337 32 . 2  
1300 28 . 465 28 . 144 32 . 2  
67 
Ta ble 4-17:  Surfa ce Therma l Anoma ly During the Third 24- Hour P er i od 
With a Layer of Clay Soil  With 40 -Volume-P ercent Wa ter 
























. 1 200 
1300 
Surfa c e  Temperature 
of  Profi l e  A (° C )  
28 . 701  
28 . 326 
27 . 343 
25 . 800 
23 . 781  
22 . 478 
21 . 653 
21 . 031 
20 . 530 
20 . 1 13 
1 9 . 754 
1 9 . 441 
19 . 1 62 
18 . 91 1  
18 . 683 
18 . 473 
18 . 278 
1 9 . 175 
20 . 777 
22 . 636 
24 . 499 
26 . 1 65 
27 . 468 
28 . 283 
Surfa ce  Tempera ture  
of Profile  B ( °  C )  
28 . 379 
28 . 003 
27 . 020 
25 . 476 
23 .455 
22 . 150 
21 . 323 
20 . 699 
20 . 1 98 
1 9 . 778 
1 9 . 419  
19 . 104 
18 . 824 
18 . 572 
18 . 342 
18 . 131  
17 . 936 
18 . 832 
20 .434 
22 . 294 
24 . 158 
25 . 824 
27 . 1 28 
27 . 944 
P erc ent of  the 
Subsur fa c e  
Therma l Anoma ly 
Deve loped on 
the Surf a c e  
32 . 2  
32 . 2 
32 . 3  
32 . 4  
32 . 6 
32 . 8  
33 . 0  
33 . 1 
33 . 3  
33 . 4  
33 . 6  
33 . 7  
33 . 8  
33 . 9  
34 . 0  
34 . 1  
34 . 2  
34 . 3  
34 . 3  
34 . 2  
34 . 2  
34 . 1  
34 . 0  
33 . 9  
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Table 4-18 : Surface  Therma l Anoma ly During the Fourth 24 -Hour P er i od 
With a Layer of  Clay So i l  With 40- Volume- P ercent Wat er 


























Surface  Temperature 
of Prof i le A (° C )  
28 . 526 
28 . 158 
27 . 183 
25 . 647 
23 . 634 
22 . 336 
21 . 517 
20 . 900 
40 . 404 
1 9 . 991 
1 9 . 638 
19 . 329 
1 9 . 055 
18 . 808 
18 . 584 
1 8 . 377 
18 . 187 
1 9 . 088 
20•. 693 
22 . 556 
24 . 423 
26 . 091  
27 . 398 
28 . 216  
Surf  a ce Temperature 
of Pro f i l e  B (° C )  
28 . 188 
27 . 820 
26 . 845 
25 . 308 
23 . 293 
21 . 994 
21 . 174 
20 . 556 
20 .060 
1 9 . 646 
1 9 . 291 
18 . 982 
18 . 707 
18 . 459 
18 . 234 
18 . 027 
17 . 836 
18 . 736 
20 . 342 
22 . 206 
24 . 074 
25 . 744 
27 . 051 
27 . 871  
P ercent of the 
Subsurfa c e  
Therma l Anoma ly 
D eve l oped on 
the Surfa ce  
33 . 8  
33 . 8  
33 . 8 
33 . 9 
34 .0  
34 . 2 
34 . 3 
34 .4 
34 . 5 
34 . 6 
34 .7 
34 . 7 
34 . 8 
34 . 9  
35 . 0  
35 . 0  
35 . 1  
35 . • 1 
35 . 1 
35 . 0  
34 . 9  
34 . 8  
34 . 6  
34 . 5  
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Table s  4- 14  and 4-18 show the res�lts during the fourth day for 
both layer conditions . The surface  therma l anoma ly  for ea ch  l ayered 
cond i ti on is a lm.ost identica l .  Furthermore , the magnitude of  the 
surface  thermal anoma ly  is midway between the magnitudes  obta ined for 
the homogeneous probl ems a s  shown in Ta bles 4-6 and 4-10 . Thus a 
l ayered system with therma l properties only modera tely d ifferent from 
each other may g ive resu l ts s imilar to those  which might be obta i ned 
using a homogeneous material  wi th average therma l propertie� . 
Ana lys i s  of  Radiation Term 
The finite- differ ence model a ssumes a d iurna l heat  flux a pproxi -
mated by the sum o f  the posi tive ha lf  o f  a s ine wave and a radiat ive -
loss  term . The radiative -loss term as  proposed by Fleagle  requ ires  the 
. spec i fication of a temperature T '  representing the effect of the a tmos -
pheric abs orption a nd reradiation of energy . The tempera ture T ' wa s . 
previous ly he ld constant a t  lcf C which resulted in  an energy l o s s  s imi -
lar in magnitude with experimental measurements . 
3 4  
Cons ider now the effect the va lue o f  T '  has o n  the magni tude  o f  
the surfa ce therma l anomaly .  Cons ider the development o f  the surfa c e  
thermal  anoma ly from the corrected profiles  obta ined previou s l y .  
Table s . 4-19  through 4-22 show the results for di fferent va lues  o f  T ' . 
a 4 H H 1 tt and B .  Davidson , Ed . ,  Exploring the Atmosphere ' s • 4 • e - au ) F .  t M . l v 1 � ( Pergamon Press , London , 1957 • irs i e ,  o . .  ,
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Table  4-1 9 :  Surfa ce  Temperatures  and Surface Therma l Anomal y  With 
T '  = 3cf C .  
Hours Sur fa c e  Tempera ture Surfac e  Temperature P ercent  of the 
of Profi l e  A (° C )  o f  Profi l e  B (° C )  Subsurfa c e  
Therma l Anoma ly 
Devel oped on 
the Surf a ce 
1400 29 . 830 29 . 505 32 . 5  
1 500 32 . 962 32 . 639 32 . 3  
1 600 32 . 873 32 . 552 32 . 1  
1700 3 1 . 746 31 .425 32 . 1  
1800 29 . 883 29 . 562 32 . 1  
1 900 28 . 8 50 28 . 528 32 . 2  
2000 28 . 335 28 . 013 32 . 2  
2100 28 . 009 27 . 687 32 . 2  
2200 27 . 787 27 . 464 32 . 2  
2300 27 . 628 27 . 305 32 . 3  
0000 27 . 51 1  27 . 188 32 . 3  
0 100 27 . 423 27 . 100 - 32 . 3  
0200 27 . 356 27 . 034 32 . 3  
0300 27 . 305 26 . 983 32 . 3  
0400 27 , 266 26 . 943 32 . 3  
0500 27 . 235 26 . 912  32 . 3  
0600 27 . 21 1  26 . 888 32 . 3  
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Table 4-20 : Surface  Tempera tures and Sur face  Therma l Anoma l y  With 
T '  = 10°C . 
Hours Surface  Temperature  Surface  Temperature P ercent of the 
of Profi l e  A (° C ) of Profi l e  B (° C ) Subsurfac e  
Therma l Anoma l y  
D eveloped on 
the Surfac e · 
1400 29 . 830 29 . 505 32 . 5  
1500 29 . 300 28 . 975 32 . 5  
. 1 600 28 . 034 27 .709 32 . 5  
1700 26 .094 25 .769 32 . 5  
1800 23 . 588 23 . 261 32 . 7  
1 900 22 . 021 21 . 692 32 . 9  
2000 21 . 052 20 . 722 33 . 0  
2100 20 . 332 20 . 001  33 . 1  
2200 1 9 . 761  1 9 . 429 33 . 2  
2300 1 9 . 289 18 . 956 33 . 3  
0000 18 . 888 18 . 554 33 . 4  
0100 18 . 541 18 . 207 - 33 . 5  
0200 18 . 237 17 . 901 33 . 5  
0300 17 . 965 17 . 629 33 . 6  
0400 17 . 721 17 . 384 33 . 7  
0500 17 . 499 17 . 162 33 . 7  
0600 17 . 297 16 . 959 33 . 8  
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Table 4-21 : Surfa c e  Tempera tures  an'd Surfac e  Therma l Anoma ly  With 
T '  = - 10°C .  
Hours Surface  Tempera ture Surf ace  Temperature P ercent o f  the 
of  Profi l e  A (° C ) of  Prof i l e  B (° C ) Subsurfa c e  
Therma l Anoma ly 
D evel oped on 
the Surf a c e  
1400 29 . 830 29 . 505 32 . 5  
1 500 26 . 323 25 . 997 32 . 6  
1600 24 . 084 23 . 757 32 . 8  
1700 21 . 467 21 . 137 32 . 9  
1800 18 . 420 18 . 088 33 . 2  
1 900 16 . 399 16 . 065 33 . 4  
2000 15 .. 043 14 . 706 33 . 6  
2100 13 . 982 13 . 644 33 . 8  
2200 13 . 108 12 . 767 34 . 0  
2300 1 2 . 362 12 . 020 34 . 2  
0000 1 1 . 7 1 2  1 1 . 368 34 . 3  
0100 1 1 . 136 10 . 791 34 . 5  
0200 10 . 61 9  10 . 273 34 . 6  
0300 10 . 150 9 . 803 34 . 7  
0400 9 . 122 9 . 373 34 . 9  
0500 9 . 327 8 . 987 35 . 0  
0600 8 . 962 8 . 61 1  35 . 1  
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Tabl e 4-22:. Sur fa c e  Temperatures 
T' = - 30°C .  
and Surface  Therma l Anoma l y  With 
Hours Surface  Tempera ture Surf ace  Temperature P er cent of  the 
of Profi l e  A (° C )  of Profi le  B (° C )  Subsurface 
Therma l Anoma ly 
D evel oped on 
the Surfa c e  
1400 29 . 830 29 . 505 32 . 5  
1500 23 . 944 23 . 616 32 . 8  
1600 20 . 91 8  20 . 589 33 . 0  
1700 17 . 748 17 . 415  33 . 2  
1800 14 . 257 13 . 921 33 . 6  
1 900 1 1 . 861 1 1 . 522 33 . 9  
2000 10 . 182 9 . 840 34 . 2  
2100 8 . 837 8 . 493 34 . 4  
2200 ·7 .  707 7 . 360 34 . 7  
2300 6 . 730 6 . 381  34 . 9  
0000 5 . 867 5 . 517 35 . 1  
0100 5 . 095 4 . 743 35 . 3  
0200 4 . 397 4 . 042 
35 . 5  
0300 3 . 758 3 . 401 
35 . 6  
0400 3 . 170 2 . 812  
35 . 8. 
2 . 625 2 . 265 36 . 0  0500 
2 . l l8 1 . 757 
36 . 1  
0600 
Although the surface tempera tures  differ considerably for d i fferent 
va lues of  T ' , the surfa ce  therma l anoma ly· changes l i ttl e . Thus the 
surface therma l anoma ly a ppears insensitive _to the va lue of T ' . 
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CHAPTER 5 .  SUMMARY OF RESULTS 
Two model s  were develqped to s imulate heat tra nsfer in  the upper 
soil  region . The devel opment of a surface therma l anoma l y  from a 
s ubsurfa c e  anoma ly  was s tudied by cons idering two so i l  layers with 
s l ightly d ifferent thermal  profi les . The thermal proper�ies  o f  the 
s o i l  and the surface hea t  flux were varied to determine their e ffect 
on the magnitude of  the surface  thermal a nomaly .  
The f irst model  s imula ted nocturna l soil  tempera tures a s suming a 
constant hea t  loss  equa l for both soil  layers . Ana lytica l s o lution of 
the hea t trans fer problem showed tha t the surfa ce thermal a noma l y  wa s 
independent of  the surfa ce  hea t flux . 
Eva luation of  the soluti on obta ined showed the development  of  a 
s ignifica nt surfa ce therma l anoma ly  a fter a few hours . The magnitude 
of the surface therma l anomaly  deve loped wa s found to be dependent only 
· on the form of the d ifference between initia l temperature profi l es , 
the so i l  therma l diffus ivity ,  and the magnitude of  the subsurfa c e  
therma l anoma ly .  The ma gnitude o f  the surface therma l anoma l y  was a ls o  
found to a pproa ch the ma gnitude o f  the subsurface therma l anoma ly  a s  
the e lapsed time _ increased . This  result  contradicts the initial  
a ssumption that the surfa ce  thenna l anoma ly would disappear during  the 
day and reappear during the night . 
The second model s imu lated diurna l s o i l  tempera tures . A radiative-
hea t- l os s  term wa s included in  the periodic heat-flux term to determi ne 
i f  this would reduce the magnitude of  the surface therma l a noma l y . A 
f ini te-difference computer program was then wri tten to ca lcul a te the 
s oi l  temperatures throughout the day .  
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A s i g n i f i c a nt surfa c e  therma l a n oma l y  wa s f ound to a ga i n d ev e l op 
w i th i n  a f ew hours . Th i s  a n oma l y  c on tinu ed to increa s e  i n  ma g n i tude 
a ppr oa c hing a nea r l y  c on s ta n t va l u e  a fter thr e e  d a ys . .Da i l y  f l u c tu a -
tions o f  the a n oma l y  were sma l l  c ompa re d  to its ma g n i tud e . 
The new tempera ture pr o f i l e s  a t  1 400 hours were f ou nd t o  d ev i a te 
from the in i t i a l 1400- hour tempera tu r e  pro f i l es s e l ec ted . - A ft e r  
s evera l d a ys , the 1 400 - hour pro f i l e s  a pReared to b e c ome c on s i s t e n t  w i th 
the mode l . 
The surfa c e  therma l a n oma l y  c a l c u l a ted in the f ir s t  mode l . wa s 
f ou nd to be hi ghly d epend e nt on the f orm o f  the d i f f erenc e betw e e n  
.in i t i a l  tempera ture pr o f i l e s . T h e  re su l ts o f  t h e  s e c ond mod e l , though , 
showed a c orre c ted d i f f er enc e b e twe e n  therma l pr o f i l e s  wh i c h  wa s a p -
pro x im� te l y  l inear w i th d e pth . There fore , the a s sumpt i o n  o f  a l in e ar 
d i f feren c e  be tween pro f i l e s  a ppe ars va l id . _ 
T he s o i l  tempera tur e s  a t  a 50 -cm depth were he ld c on s ta n t  i n  b o th 
mode l s . The va l i d i ty .o f th i s  a s sumpti on wa s c ons idered by e x t e n ding 
the s e c ond mode l to a d e pth o f  1 00 cm . The f l u c tua ti o n  i n  the 5 0 � cm 
s o i l  t emo er a ture s wa s f ound to be sma l l  c ompared to the d a i l y  s u r fa c e  J. 
· tempera tur e f l u c tu a ti o ns . Thu s  the a s sumpt i on of c ons ta n t  50 - c m  
tempera tur e s  did n o t  a ppe a r  t o  s i g n i f i c a n tl y  a ffe c t  the. r e su l ts . 
A s impl e l a yered s o i l  wa s a l s o c o n s idered . The 50 -:c m  thi c k  s o i l  
l a yer s were d ivi ded i nt o  two homo g ene ous l a yers o f  e qu a l  thi_c kn e s s . 
D i f f erent s o i l - therma l properti e s  were then a s s i gn ed to e a c h  l ayer . 
The re s u l ts o bta ined for the l a yered s o i l  a ppear to be
. s imi l a r �o the 
re su l ts wh i ch wou ld be expe c te d  u s ing homo ge n e ou s . 50- cm thi c k  l a yer s  
w i th avera g e  therma l pro per t i e s . 
CHAPTER 6 .  CONCLUSIONS 
The two s imula ti on mode l s  suggest that a s ignificant  s urfac e  
therma l anoma ly  wi l l  devel op i n  a few hours . A rad iative temperature 
dependent hea t - flux term wi l l  decrease  the ma gnitude of the sur fa c e  
thermal anoma ly but wil l  n o t  destroy it . A highly tempera ture 
dependent hea t-flux term appears to be needed to e l imina te the surfa ce  
thermal a noma l y .  
The surface  therma l a noma l y  a l so a ppears t o  b e  ins�ns i tive to 
variations in  the surface  hea t flux . I ts ma gnitude was found to 
fluctua te only a few percent throughout a diurna l cyc l e . 
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.APPENDIX 
Finite -D i f ference Computer Program 
.A FORTRAN c omputer program wa s written for the IBM 360/40 c omputer . 
The program wa s used to eva lua te the soil  tempera tures in  the second 
s imula tion mode l . The program reads in va lues for the therma l con­
ductivi ty ,  spec if ic  hea t ,  a nd initial  te]Tlpera ture dis tr ibuti ons for 
both soil  layers . The surface  hea t flux is  then ca lculated by the 
subroutine QHEAT . Eva lua tion of the Eqs . (4-9) , (4-14) �nd ( 4�19) 
then determines the new tempera ture of ea ch noda l po int . · The program 
then  prints out the resu l ts a fter a predetermined number of ca l cu- · 
la tions have been performed . 
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Description of  Maj or Programming Symbols  
Symbol used in program Symbol  u s ed in text 
DX � x 
DT � t 
K ( I )  kn 
SH( I )  ( p c ) n 
TA ( I )  ( TA ) n 
TB ( I )  ( TB ) n 
SA ( I )  ( TA ) ' n 
SB ( I )  ( T ) ' B n 
ST ( TA ) l - ( TB ) l 
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c 
DOU B L E  P R E C I S I O� A A l . A l ( 1 2 0 ) , K ( l 2 0 ) , S H ( l 2 0 > , A A ( l 2 0 ) , B A ( 1 2 0 ) , 
2 C A t l 2 0 ) , A B , CB , A C , C C , S A C 1 2 0 ) , S8 ( 1 2 0 ) , T A t l 2 0 j , T B ( l 2 0 ) , S T , B , T T A , T T B ,  
3 X 1 B B S , 8 � , R A ( l 2 0 l , R � C 1 Z O > 
K K K = l 
60 R E A O ( l l , l O l ) o x , o r , M , l J , I K , P I T , C H R , C M I N , E O A Y , E H R , E M I N  
1 0 1 F O R M A T l 2 ( F 4 . 0 ) , 3 l l 3 ) , 6 ( F 3 . 0 ) ) 
R E A O ( l l , 4 0 4 )  T A I  
404 F OR MA T l F 6 . 2 ) 
L =O . O  
J=O . O  
NN= O . O  
NAC = O  
N=M- 1 
OAY = O . O  
T I Ht = O . O  
J= O 
C S P E C I F J C A T I O � Of I N I T I A L T E M PE R A T U RE P R O F I L E  
00 4 0 3  1 = 1 , M  
40 3 R E A 0 ( 1 3 , 40 2 ) T A t I > , T B C I J  
UC = 0 . 0 0 0  
�0=0 . 00 0  
S T = T A ( l J - T � ( l l  
30 J= J & l 
l f ( J K . N E . l )  � O  TO 4 
l f ( J . G T . l }  GO T O  1 7  
C R E AD V A L U E S F O R CONOUCT l V I T Y  A N D  S P E C I F I C  HE A T  
R E AD l l L , 1 0 2 ) Y , � 
1 0 2  F O RM A T ( 2 ( F 6 . � ) ) 
DO 7 l = l , M  
K ( I  ) = Y  
1 S H I  1 t = Z  
G O  T O  9 
4 C O N T I NU E  
t I F  C O N D U C T I V I T Y  A N O  S P E C I F I C H E A T  A R E  T I M E DE P E ND E NT , 
t C A l t U L A f l bN S U BROU T I N E GO E S  HE R E  
9 C ON T I N U E 
. 
5 A A l � OT / l 2 * DX* O X J 
3 00 8 l = l , M  
8 A I C 1 J = A A I / S rl l  I )  
GO T O  2 ,  
17 C O N T I N U E  
C C A L L  S U B R OU T I N E T O  C A L C U L A T E  T H E  S UR F A C E  H E A T F LU X  
C A L L  UHE A T ( Q A , � e , v c , o o , o r , o x , r A , T B , J , K , M , C H R , C M I N , T A I )  
t CA L C U L A T I ON O F  I N T E R N A L  N O D A L  T E M P E R A T UR E S  
D O  1 0  1 = 2 , N  
SA l I ) = A I  ( I ) * ( ( K ( 1 - 1  l t K l I ) ) • T A ( 1 - 1  > & ( l / A  I ( I J - K C  1 - 1  l - 2 • K ( I )  - K ( I & l ) ) 
7* T A l  I )  & ( K ( 1 ) f. K ( I & l ) ) • T A ( I t:  1 J ) 
l 0 S 8 ( 1 J = A  1 ( I ) * ( ( K ( I - 1 )  E.K ( J ) ) * T B  ( I - l >  & l 1 1  A I l I J - K ( I - 1 )  -2 * K ( I ) - K ( 1  & 1 ) ) 
6 * T B  ( t )  f. ( I\  ( I )  & K  ( H.. l l ) H B ( I & U  J 
. t C A L C U L A T I ON O F  S U R F A C E  N ODA L T E M P E R A r U R E S  
S A ( l ) = A l l l J * ( 4 *0 X* Q C & l l / A l ( l J - 2 * K ( l ) - 2 *K ( 2 ) ) * T A l l J & ( 2 *K ( l J & 2 * K l 2 J )  
8 * T.A l 2 )  J 
S8 ( 1 J � A l l l ) * ( 4 � UX � WO & ( l / A l ( l ) - 2 * K l l ) - 2 � K ( 2 ) ) * T 8 ( 1 J & ( 2 *K ( l ) & 2 * K l 2 ) ) 
9 • T B C 2 > J . 
C C A LC U L A T I ON O F, L OW E R  S O U N D A R  V T E M P E RA T U R E S  
S A l M > = T A ( M )  
SB C H ) = T b ( M )  
C R E AS S I G N M E N T  O F  NODAL T E M P E R A T U R E S F OR N EX T  I TE R AT I ON 
DO 1 5  I =  l ,  M 
TA l I ) = SA l I ) 
1 5  l B C I > = S t H I >  
l f C T l HE � L T . P l T )  GO T O 4 0  
S T =l A l  1 ) - T B < l > 
C T H I S  P O R T I O N OF T H E  P RO G R AM W R I T E S  O U T  T HE P E R T I N E N T D A T A 
2 5  N HR= C H R  
N H I  N = OH N 
l f ( M . G T . � 2 ) ; o  T O  5 6  
NN=NN f. l  
N A N = NN / 2  
N A 8 = N A N * 2  
I F C NA B . E � . N N )  G O  T O  5 d  
8 1  
S 6 WR I T  E ( 1 2  , 2 0 0 ) 
2 0 0  F O R M A T C l H l > 
5 8  I F C N HR . G E . 9 )  GO TO 5 1  
l f  C N M I N . G E . 9 )  GO T O  5 7  
WR I T E ( l 2 , 1 0 4 }  NAC , N H � , NA C , N M I N 
1 04 F O R M A T ( l H , 2 3 H T E H P E R A T UR E P R OF I L E A T  , l l , l l 1 l l 1 1 1 , 5 H H OU R S ) 
GO T O  � 9  
S 7  WR I T E rl 2 , 1 0 5 )  N A C , NH R , N> H N  
1 0 5  F OR M A T ( l H , 2 3 H T E HP E R A T UR E  P R O F I L E A T  t l l , J l , 1 2 , 5H H OU R S ) 
GO TO 59 
S l  I F C N M I N . G E . 9 ) GU T O  5 0  
WR I T E ( l 2 , 1 0 6 ) N HR , N A C , NM I N  
1 0 6  F QR MA T ( l H , 2 3 H T E MP E R A T UR E  P ROF I L E  A T  , J 2 , f l , l l , 5 H H OU R S >  
GO T O  5 9  
5 0  WR I T E C 1 2 , 2 0 1 )  N HR , N M I N  
20 1 F O R M A T l l H . , 2 3 H T E MP E R A T UR E P RO F I L E A T  , 2 ( 1 2 ) , S H H OU R S  
5 9  WR I T E C 1 2 , 2 1 3 )  o r  
2 1 3  F O RM A T ( l H0 , 2 l H I T E R A T I ON I N T E R V A L  I S  , F 4 . 0 , 7 H S E C O � O S )  
WR 1 T E ( l 2 , 2 0 2 ) T A ( l ) , Q C 
202 F O R M AT ( l HO , Z � H S U R F A C E  T E M P E R A T U R E  T A = , F 6 . 3 , l O X ,  
4 3 3 H S U R F A C E  H E A T  F L O W I N  P R O F I L E A I S  , F l 5 . 1 0  ) 
WR I T E C 1 2 , 2 0 3 ) T B ( l ) , Q O 
2 0 3  F O R M A T ( l H , 2 o x , 5 H T B : , F 6 . 3 , 1 0 X , 
5 3 3 H S U R F A C E  H t A T  F L O W  I N  P R O F I L E B I S  , F l 5. 1 0 
WR I T E ( 1 2  , 2 0 4 > S T 
2 0 4  F O R M A T ( l H 0 , 3 3 H S U R F A C E  T E MP E R A T U R E  D I F F E R E N C E = , F 6 . 3  
W R l T E ( 1 2 , 2 0 5 )  
2 0 5  F OR M A T ( l HO )  
WR I T  E ( 1 2  , 2 O 6 ) 
2 0 6  F O R M A T C 1 H0 , 4 ( 4 X , SHD E P T H , 4 X , 6 HT E M P A , 5 X , 6 H T E M P B ) )  
W R I
.
T E ( l 2 , 2 0 7 ) • • 
2 0 7  F OR M AT l l H  ) 
MA N = M / 4  
HA B = M A N * 4  
KA=M-MAB 
DO 5 2  N r n= t  , M AN 
HDA = N I N 
MMA = M D A  
J F l K A . G E . l ) M M A = MM A & l  
HO B : P' M A & MA N  
M MB = MD B  
J F ( K A . G E . 2 ) M M B =MMB t l  
MOC= M M B & MA N  
MMC= M O C  
l f ( K A . GE . 3 )  M MC = �M C & l  
M O O = M MC t M A N  
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52 WR I T £ t l 2 , 2 0 8 )  MOA , f A ( HO A ) , T � I MDA ) , M 0 8 , T A ( M0 8 ) , T 8 ( M 08 ) 1 
9MOC , J A ( MO C ) , T 8 ( �0C ) , MO O , T A ( MO O l , T 6 l M D D ) 
2 08 F O R � A T ( l H , 4 ( 5 X , 1 3 , 5 X , F b . J , S X 1 f 6 . J ) ) 
WR I T E <  1 2 , 2 0 7 1  
MDA = MD A & l  
H D B = M O B t l 
MOC= MOC f. l  
I F ( K A • G E . 3 >  G O  TO 5 5  
I f  ( K A . G E . 2 )  � O  T O  5 4  
l f ( K A . G E . l ) � O T O  5 3  
GO T O  6 1  
5 5  W R I T E l l 2 , 2 l l )  MuC , T A ( H DC ) , f B ( M O C ) 
2 1 1 FOR MA T ( l H+ , b 5 X ,.l 3 , 5 X , f 6 . 3 , 5 X , F6 . 3 )  
5 4  WR 1 1 E l l 2 , 2 1 0 )  MOti r T A ( M D B J , T B I MD B > 
2 1 0  fORM A T ( l H+ , 3 5 X , 1 3 , S X , f 6 . 3 , 5 X , F 6 . 3 )  
5 3  W R I T t l l 2 , 2 0 9 ) MUA , T A ( HO A ) , T B C MO A ) 
2 0 9  F OR MA T l l H + , 5 X , I J , 5 X , F6 . 3 , 5 X , F b . 3 )  
W R I T E ( l 2 , 2 0 5 ) 
WR ( T f ( l 2 , 2 0 5 ) 
C E NO OF P R I N T O U T R OU T I N E  
6 1  C ON T I NU E  
l f ( C M I N . L T . E M I N I GO T O  6 3  
I F ( C HR . L T . E H � ) GO r o  6 3  
I F ( O A Y . L T . E D� Y )  GO T O  6 3  
G O  T O  b2 
63 C O N T I NU E  
T I M l: = O . O  
4 0  C O N T I NU E  
C C A LC U L A T I O N O F  N E W  T I M E 
T J M E = T I M E l: 6 0 . 0 
C M I N = C M I N f. D r / 6 0 
I F ( C M I N . L T . b J . l �O T O  3 5  
C M I N < M I N- 6 0 . 0 
CHR=CMR & i . O  
I F ( C HR . L T . 2 4 )  GO T O  35 
C HR = C H R - 2 4  
O A Y = OA Y & l  
3 5  C O N T I N U E  
G O  T O  3 0  
6 2  C ON T I NU E  
KKK= K K K f.l 
l f ( K K K . L E . J J )  GO T O  60 
ENO 
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S U B R O U T I NE Q � E A T  ( QA , Q B , QC , Q O , OT , O X , T A , T S , J , K , M , C H R , C M I N , T A I ) 
O I Mc N � I U N T A ( l 2 0 t , T B ( l 2 0 l , K C 1 2 0 l 
S I G= 0 . 0 0 0 1 36 
A M I N = C M l N/ 6 0 .  
A H R - C HR E. A M I N  
T A U= A H R - 6 . 0 0 
t C O N V E R S I O N OF T E M P E R A T U R E S  I N  D E GR E E S  C E N T I GR AD E T O  
C OEG� EE S KE L V I N 
T T E= C T A I & 2 7 3 � 1 6 J / l 0 0 
T JR:: S 1 G_* T T  E O  4 
T TC = t T A C  l >  & 2 7 3 . 1 6 ) /  l CO .  
T T O= t T B C 1 ) & 2 7 3 . 1 6 ) / l O O . . 
t CA L C UL A T l O �  O F  S U R F AC E  H E A T  L O S S  T E RM 
QC =- l S I G • T T C * * 4- l T R > 
QO = - l S I G * T T 0* * 4 -T f R ) 
C C A L C U L A T I O N O F  S U R F A C E  H E A T  F LU X  
I F C T A U . L E . 0 . 0 ) GO T O  7 2  
I f l T AU . G t . 1 2 . 0 )  uO T O  7 2  
QC = 0 . 0 0 5 5 • S l � ( T A U* 3 . L 4 1 5 9 / l 2 ) & QC 
Q0= 0 . 0 0 5 5 * S l � C T Au • 3 . 1 4 1 5 9/ 1 2 l tQ D  
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